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RN
Dynamics of Structured Populations (Part II-III)*

Lectures at East China Normal University,
Shanghai, July 5 to 12, 1988

Odo Diekmann

QURRRRRNNNRNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNNN

I1I. Analytical Techniques

I1.1. The p-state space. (p = population)
Let the i-state space (the domain of yg in the backward equation) be 2. One
has to address the following questions:

1) what part of the boundary 92 should be included in Q
2) if we let yo approach some point of 92 which does not belong to 2, do we

require the continuous functions to tend to zero, to some limit (or nothing
at all)?

We assume that the classification of 92 that we are going to make is independent
of E. Let 094 denote the part of the boundary at which the inner product of v
with the inward unit normal vector is strictly positive. We include 024 in Q,
but not the rest of 9Q (so € is in general “partly open, partly closed”). We split
00\ 994 into two (possibly empty) components: 92— and 9Q.. By definition it
takes infinite time to reach 9., from points in the interior of Q while following
orbits of % = v(y, E) (recall that we assume that this property holds uniformly
in admissable E). So 92 includes points at infinity and, possibly, points where
v(y, E) = 0. We require that the continuous functions tend to a limit if we approach
an element of 90, (the particular value of the limit may depend on the point one
considers). Let 9Q2_ denote points of 9\ 9, which can be reached in finite time
from points in the interior of Q while following orbits of ‘;—lt’ = v(y, E). We require
that the continuous functions tend to zero if we approach an element of 9Q_.

We denote the space of continuous functions with the properties described
above by Cy(2). We can extend elements of Cy(€2) to continuous functions defined
on a larger subset of R¥ by simply defining them to be zero in the region which is
obtained by following orbits of % = v(y, E) beyond 0Q_. In the following we shall
assume that this extension is made.

The dual space of Cy(Q2) is M(Q2), the space of regular Borel measures on
Q. M(£2) includes measures concentrated on 0. When the initial measure has
no component concentrated on 9, the measure at time ¢ will not have such a
component for any finite ¢.

Note that our assumption that the continuous functions have limits along 02,
amounts to a compactification.

IThis manuscript is Part 2 and Part 3 of Lecture Note by Prof. Odo Diekmann (Utrecht),
which was given in 1988 at East China Normal University, Shanghai. Part 1 was published in
JSMB Newsletter No. 93 (2021), pp. 6-15. The last part (Part IV) will appear in the next
Newsletter. The original hand-written manuscript was typed by Ryohei Saito (Hokkaido Univ.),
and edited by Hisashi Inaba (Tokyo Univ.) and Kazunori Sato (Shizuoka Univ.).
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EXAMPLE 1. Q4 = {0} 0Qy = {0} 90_ =10 O

EXAMPLE 2. 9Q4 = {x3}. If g is uniformly positive then 0Q,, = {00}, 00_ =
0. If g(z,S) = 0 for some T = Z(S) > w then Iy = {Z(S)}, so depends on
S. This yields problems which are sometimes “solved” by specifying extra death
rules (biologically: individuals die if they don’t ingest enough energy for their basic
metabolistic needs). O

ExXAMPLE 3. Assume 3(z) = 0 for x < xpin (that is, 2, is the minimal size
required for division). Then no daughter will ever have a birth size below /2.
So for realistic initial conditions no cell will have size less than @i, /2. We have to
add the boundary condition

Lmin Tmin
5 t, > =0,
g( 2 )”( 2

(but we may in fact take this boundary condition at any point below 2, /2 without
any difference for the solution). So Q4 = {@min/2} or any smaller point.

If we want that cells divide with absolute certainty before reaching xma.x we
require that

x
@df—ﬂm as T — Tmax
Tmin g(g)
(since then
o Ja i B(8)/9(8) dg ~0.)

We then may write 9Q, = {Zmax } even though z,,.x may be reached in finite
time conditional on not-dividing, since the number of cells reaching x,.x will be
zero. Therefore this example shows that our classification of 92 has to be adopted
if coefficients in the equation are allowed to be singular at the boundary.

Note that we have to interpret the term 3(2x)n(t, 2x) as zero for z > #52. []

ExaMPLE 4. Q = {(a,z) |a >0,z > 0}

Assume g(a,0,5) = 0, Va, S (i.e. individuals of size zero don’t grow). This
example shows that our classification of 0f2 given so far is incomplete. For biological
g the boundary part z = 0 will be reached for ¢ — —oo, so we should call it
00 _ . It is more or less irrelevant whether we require the continuous functions to
go to zero at this part of 9Q or to some limit function (since anyhow a measure
concentrated in this part is separated from the rest and its dynamics should be
specified independently). So we think the easiest thing to do is to require zero
limits.

Then 094 = {(0,z) | x > 0}. (Note another difficulty: at (0,0) the boundary
is not smooth and we have, in a sense, two inward normals or none at all.) If g is
uniformly positive we can parametrize 90, by ¢ with 0 < ¢ < § where the idea
is to let 7 — oo while taking (a,x) = (7 cos ¢, 7 sin ¢)2.

Depending on § and g one may take 2 much smaller. Let x denote the smallest
possible birth size and T the largest possible birth size. Let g denote the infimum
of g over all S and g the supremum. Then one can take for Q the region bounded
by a = 0 and the trajectories starting in (0, z) and (0, Z) with differential equations

respectively
d fa\ _ (1 dfa) _ (1
dt \z) \g) ' dt\z) \g)’

2This parametrization is completely artificial and other ones, based on properties of g, may
be much better suited. In fact we may not need a parametrization at all, but I wanted to make
the remark to emphasize that 9+ is one-dimensional.

O
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Remark. if v is independent of E one may also bound ) by some orbit of
d,
@ =)
I1.2. The characteristics. (how do cohorts travel in i-space?)
Let Y =Y (¢, s,90) = y(t, s,y0; E) be the unique solution of
dY
e o(Y,E) , Y(s890) = Yo
Then
Y(tv T, Y(T7 S, yO)) = Y(tv S, yO)
or, in words,
if we start at s with i-state yy and go to t directly the state will be the same as
when we go to time r and then start at time r with y(r, s,y0) and go to t.
Consequently
y=Y(t,sY(st,y))
which states that the inverse of the transformation yo = Y (s, ¢, y) is the trans-
formation y = Y (¢, s,y0) and vice versa. Note that Y'(¢,s,yo) is the i-state at
time ¢ of an individual which had i-state yo at time s (and did not die between
s and t). We call the curves ¢ — Y(¢,s,y0) the characteristics. They are the
orbits in i-state space followed by the individuals.
The following observations will turn out to be useful. By differentiating the
differential equation for Y with respect to yg we obtain the linear equation
d (dY'\ dvdY
dt \dyo) — dy dyo
(note that both Z—Z and % are k x k matrices). Consequently (see, for instance,
M&D p.130; det = determinant, tr = trace)
d dy d dy
— (det — | = tr—v det —
dt dyo dy dyo
Note, finally, that differentiation of y = Y (¢, s, Y (s, ¢, y)) with respect to y shows
that g—;;(a s,Y(s,t,y)) and %(s,t, y) are inverse to each other.

I1.3. Integration along characteristics.

For given E we shall solve the backward equation in three steps: 1) neglect-
ing death and birth 2) taking death into account 3) taking birth into account.
We shall also indicate how duality yields results for the forward equation.

(©) The solution of

%Z +v-Vm=0

corresponding to the “final” condition m(¢,yo) = ¢(yo) is given explicitly by
m(th ta ¢, yO) = (;S(Y(ta th yO))

(One can verify this most easily by a change of variable

q(th y) = m(t()a Y(th tv y))

Indeed,
dg _Om Om Y _ Om

Do ot oo oo 0ty VY
and consequently
qa(to,y) = q(t,y) = m(t,y) = ¢(y)
and
m(to,yo) = q(to, Y (t,to,y0)) = &(Y (t,t0,%0)).)
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DerFINITION IL.1. A backward evolutionary system on a Banach space X is by
definition a collection of bounded linear operators V (¢o,t) on X such that

1) v,y =1
(2) V(to,s)V(s,t) = V(to,t)
Define

(Vy(to, 1)) (yo) = (Y (¢, 20, y0))
(the g means growth; note that V, depends on E but we don’t incorporate this
dependence in our notation). Then V, is a backward evolutionary system on Cy(2).
Indeed, put

3(y0) = (Vo(r,)9)(y0) = &(Y (t,7,0))
then

(Va(5:7)9) (w0) = G(Y (1, 5,0)) = S(Y (1,7, Y (7, 5,50))) = (Y (2, 5,50))
= (V(s,1))(yo)
A forward evolutionary system U (t, to) is characterized by the properties
(1) U(to,to) =1
(2) U(t,8)U(s,to) = U(t, to)
If V is a backward evolutionary system on X then
Ul(t,to) = V(to,t)"

(where * denotes the adjoint operator) defines a forward evolutionary system on
the dual space X*.

Let v be the density of an absolutely continuous element of M (€2) then

[ o0 tovo vty = [ S (o, t,)) des L8 g
“ Yy

Y (t,t0,2)NQ
(the det is positive for ¢y = t and cannot become zero since it satisfies a linear

o.d.e.; so we don’t have to write the absolute value bars). So in terms of densities

we have

(Ug(ta toﬁ/’)(y) - 7/J(Y(to,t, y)) det W

Similarly we obtain for general measures 6

(Uy (£, 10)0) (w) = /Q 1, (Y (£, o, o)) 6(dyo) = O(Y (to, £.w) N )

One can now verify the connection with the relevant part of the forward equa-
tion, where we shall restrict ourselves to densities:
Consider

(?)7+V( n)=0 , nlto,y) =vy)

Introduce the transformation of variables
dY (t,to,
g(t,yo0) = n(t,Y (t, 10, v0)) det %
Yo
then
d .. 4Y(tto )

dY
— f—Fv Vn)detdo—kndtdt o

) det dY(t7 t07 ?JO)
dyo

dy

( —I—U-Vn—i—trd—n

ot
8 dy
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Therefore

g(t,0) = g(to,yo) = ¥(yo)

and
dy
n(t,y) = (Y (to, t,y)) det d—y(tg,t,y)

Remark. The det factor takes into account the change of volume element
when we follow the individuals along their orbits (recall that only integration
gives numbers and that only numbers are conserved in the absence of birth and
death). See M&D p.92-96.

(2) The solution of

%+U~Vm:um

m<t’ yO) = ¢(y0)

reads

(Vya(to, )8) (o) = m(to, y0) = d(Y (L, o, yo))ele” #(Y (Titowo).E(r)) dr
E(7) will be suppressed below

— [t T - dY (to,t,
(Uga(t, to)t) (y) = (Y (to, t))e oo #7047 gt W
in terms of densities and

Usalt, )0 ) = | e~ Jio YT 4T gy,
Y (to,t,w) NQ

for general measures. In terms of densities the differential equation is

%+V~vn:7un

n(to,y) = ¥(y)

(3) Reduction to integral equations
For given E the birth operator is defined by

(B(1)6) (o) = — /Q o(n)B(di, yo, E(1))

Here we assume that B(t) maps Co(2) into itself. This mainly amounts to an
assumption concerning the yo dependence of B(dn,yo, E(t)): continuity with
respect to yo, zero at 9Q_ and tending to a limit when gy tends to a point
at 0. Actually these assumptions are more restrictive than necessary (as is
most easily seen in the case of a one-dimensional i-state space; see further on in
part III for relevant details).

We can now define a backward evolutionary system Vg, (gdb for growth,
death and birth) by solving

to
Vaav(to, t)o = Vya(to, t)o +/ Vya(to, 7)B(T)Vyap(7, 1) dT
t

by successive approximations (biologically this is a generation expansion). Next
a forward evolutionary system on M () is defined by the duality relation

<ngb(t0a t)¢7 9> = <¢7 Ugdb(ta t0)0>

where 6 is any measure.

If for all yp and E(t) the measure S(dn,yo, E(t)) is concentrated at some
subset of Q (usually 9Q, or some subset of 9, see example 4) we can reduce
the abstract integral equation accordingly. If the state at birth is fixed the
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support is one point, y, (the state at birth) and we obtain a scalar integral
equation as follows:

(B(t)9)(y0) = —o(yn)B(yo, E(1))
Introduce
b(to) = m(to, y»)
where

m(to,yo) = (Vgan(to, 1)¢)(%o)
In terms of m the integral equation reads

mto, yo) = G(Y (t,to, yo))eli” #O (o) £ i

to ~
_/ els’ #(Y (mt0.y0) EM) AT (5) 5(Y (o, to, o), E(0)) do
t

from which we see immediately that we know m completely provided we know
b. On the other hand, by taking yo = y3,, we obtain an integral equation for b

blto) = B(Y (1, to, )y 1Y (Fton) ) i

to . ~
_/ el Y (mto.w) B ATy ) 3(Y (0, to, y3), E(0)) do

t
We conclude that, for given E, we can define solutions of the backward-and
forward equations in three steps. The first two yield explicit expressions in
terms of solutions of the i-state change equation ‘;—t = v(y, E) and the death
rate p. The third step requires to solve an abstract integral equation by a
simple contraction argument. If E is not given we will need a fourth step: to
find F from a fixed point argument.

In part ITIT we will show that it is not necessary that B(t) maps Cp(€2) into
itself, but that the precise requirements still have to be identified for the general
case of an i-state space {2 of dimension greater than one.

I1.4. Feedback through the environment.

In order to emphasize the dependence on E we shall write VE(¢,t) and
U®(t,t9) (we omit the indices gdb.)

Now suppose that E is to be found by solving the differential equation

=7 (5 [ B )

Let 0 be the initial measure for n, i.e. n(0,dn) = 6(dn) then we may write

/Q"/(Ev n)“(t» d77) = <7(E7 ')v (s (t7 0)9> = <VE (07 t)’Y(Ev ')7 9>

where we have assumed that y(E,-) € Cy(2) for all relevant E. Hence

dE
= 0 =F(E®), (VEWO,)7(E(),-),0))
This is not really an ordinary differential equation (o.d.e.) for E since V¥(0,t)
depends on all values of E(7) for 0 < 7 < t. Nevertheless it is clear that we
can define local solutions in the standard manner (successive approximations)
provided we have Lipschitz continuity with respect to E. The continuation of
local solutions to a maximally defined solution should give no problems (one just
has to write down how concatenation of F fits in with the evolutionary system
properties).

Apart from FE itself the equation for E has two ingredients: v and 6. For
some models it is possible to obtain Lipschitz dependence by restricting 6 to, for
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instance, absolutely continuous measures. We prefer, however, to allow general
0 and formulate conditions for the functions v, u, 5 and + only. Note that
these functions describe the i-behaviour, in particular as a function of i-state.
We expect that, roughly speaking, it will suffice to assume that the i-behaviour
depends Lipschitz on i-state and environment to conclude that the p-behaviour
(or p-output) (VE(0,t)v(E(t),-),0) will be Lipschitz in E. To work this out
in detail will be part of a Ph.D. program at the CWI, Amsterdam, starting in
October 1988. We will make some more remarks on Lipschitz dependence in
part III.

Once we have Lipschitz dependence, the E equation has a unique solution.
We then define

n(t,dn) = UE(t,0)0(dn) , for this specific E.

In this manner we have finally defined a unique solution of the coupled p-F
system.

The next topic concerns, of course, qualitative behaviour near equilibrium
solutions. Note that linearization requires differentiable dependence on E, but
that there are no problems with the smoothness in 6 since, for given E, the
problem is already linear in 8. Since we assumed E to be finite dimensional there
is a characteristic equation such that (in)stability follows from the position of the
roots in the complex plane relative to the imaginary axis (see M&D p.241,242
and part IV). Details have to be worked out in the Ph.D. project mentioned
above.

Example 5 shows that one may also have an algebraic equation for F instead
of a differential equation. This does not really affect our remarks about existence
and uniqueness, but it does affect the stability part. In some applications one
may think of such algebraic equations as quasi-steady-state approximations to
differential equations.

ExAMPLE 1. Y (t,t0,a0) = ag +t — to. Hence
s t—to B
bto) = (t — to)e Jo "rlo)do 4 / bto +7)B(r)e Jo M) do gr o<t
0

To show the relation with the more familiar renewal ( = Volterra convolution inte-
gral) equation we put t = 0 and b(tg) = B(—tp):
b tO T
Bta) = afta)e™ 5" 1 [T Bt - r)a(r)e 51 ar
0

O

I1.5. Remarks about numerical methods.

Under the action of smooth i-state change and death a point measure re-
mains a point measure. Its position changes from yo at tg to Y (¢,t0,40) at ¢,
while its magnitude diminishes according to

AN
“Y N
a M

or, in more detail,

X0 = Y (110, 90), BN ()
So in order to follow point measures we have to solve only ordinary differential
equations. We follow cohorts along characteristics.
Therefore it seems reasonable to approximate an initial measure by a finite
number of point measures and to make some numerical technique for gathering
newborns during some small time interval in point measures at or near 0.
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Biologically it means that we work with cohorts ((small) groups of identical
individuals).

One can view the point measure as a lowest order approximation of the
measure with respect to some small subset of Q2. Higher order approximations
are then defined in terms of higher order moments. One can improve the ap-
proximation by introducing smaller and more subsets (non-overlapping) of Q.
Likewise one can refine the partition of 0.

This technique was introduced and implemented by A.M. de Roos, Numer-
ical methods for structured population models: the escalator boxcar train, in
Numerical Methods for Partial Differential Equations(1988) 4: 173-195.

I1.6. Semigroups. (the case of a constant environment)

If F is constant it does not matter what exactly ¢y and ¢ are, it is only the
difference t — tg that counts. We can simplify things as follows:

Y (t,yo) is the solution of 42X = v(Y), Y(0) = yp.

(T4 (1)) (yo) = ¢(Y (t, 90))
defines a semigroup of bounded linear operators, i.e.
Tg<0) =1
To(t1)Ty(t2) = Ty(ts + t2)
which is, with the appropriate definition of Cy(f2), strongly continuous, i.e.
1Ty(t)p — || =0 astl 0 forall pe Co().

Likewise t
(T,a(t)¢) (yo) = (Y (t,y0))e™ Jo #¥ (Tvo)) d
and Tgqp, which is implicitly defined by

Tyan(t)6 = Tya(t)d — /0 Tyt — 7)B Ty (7)o dr

constitute strongly continuous semigroups of bounded linear operators on Cy(£2).

Their adjoints define weak * continuous semigroups on M (2) (see part III).

For any consistent population model necessarily the cone of nonnegative
functions in Cp(€?) is invariant (the clan mean of a nonnegative function is
nonnegative since the number of individuals is always nonnegative).

We conclude that population semigroups are positive semigroups. For these
the spectral theory is developed in great detail (see LNiM 1184, R.Nagel, ed.,
One-parameter Semigroups of Positive Operators, Springer 1986).

The main conclusion is that under some irreducibility and compactness con-
ditions there is a stable distribution. This means that asymptotically for ¢ — oo
the population will grow (or decline) as e #*where )\, is the dominant eigenvalue
of the problem, while its normalized y distribution takes the form of the corre-
sponding eigenvector. The initial condition manifests itself in a multiplicative
constant only.

EXAMPLE 3. By scaling x we can achieve that x,,x = 1. Assume that i, > %

(the smallest mother is larger than the largest daughter). The eigenvalue problem

= (g@)n(@)) = —B(z)n(x) + 45(22)n(2z) — Xn(z)

can now (since by definition 3(2z)n(2z) = 0 for = > ) be solved in two steps. In
order to satisfy the boundary condition n(%xmin) = 0 we have to require that A
satisfies the characteristic equation

m(A\) =1
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LB ([ s
=2 g p( L d”) “

The corresponding n is given by
p(x) YA+ B(9)
= — — —=d
M= o) P ( //2 9 5)

1 for

= 2 A+
pla) =, [ 5E) (_ /5/2955%7) g for Lomm < <

where

with

<zr<l1

N|—=
IA

e 9()

Problem: verify that 7(0) is the average number of offspring of cells sampled at size
Tmin growing up to at least size zpj, again.
Define G(z) = [ %, then

ZTmin/2

N[

1
ry=2 [ 0O -t - 15 5 0
amin 9(E)

Suppose G(2z) — G(x) is constant (this amounts to g(2z) = 2g(z) for all z) then

2
m(\) = e"\G(wmin)/ i gEg d¢

and consequently all roots of 7(A) = 1 lie on one vertical line in the complex plane.
In that case there is mo stable distribution because of lack of compactness. The
biological point is that “equal size” is a hereditary property and consequently much
information about the initial p-state remains manifest for all time.

In all other cases one can show that there is a real root A; of the equation
m(A\) = 1 which is strictly dominant in the sense that ReA < A4 for all other roots.
Moreover, one can show that the corresponding ng4 is the stable distribution.

In cell kinetics one is frequently interested in the inverse problem: given mea-
surements of the stable distribution what conclusions can be obtained concerning
the i-behaviour as described by ¢g and 8. For the present model this has been in-
vestigated by Tyson & Diekmann (J. theor.Biol. (1986) 118 405-426) for data on
fission yeast Schizosaccharomyces pombe obtained by Miyata and coworkers. [

ITI. Functional Analytic Foundation

Let X be a Banach space. A collection of operators T'(t) on X is called a
semigroup whenever

T(0) =TI
TH)T(s)=T(t+s) ,ts>0

These arise when one investigates an autonomous (time translation invariant)
system as the operators which map the state at some time at the state ¢ time
units later. The property T'(t)T(s) = T(t + s) corresponds to the uniqueness
which is inherent in the state concept.

In most of this chapter we shall concentrate on the case in which, for fixed ¢,
the operator T'(t) is bounded and linear. At the end we shall pay some attention
to nonlinear operators.

For given x € X the mapping t — T'(t)x defines the orbit through x in X.
It is customary to require such orbits to be continuous. The semigroup property
and the boundedness of the operators together imply that continuity at ¢ = 0
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guarantees continuity for all ¢. Therefore one defines a strongly continuous (or
Cp) semigroup by the additional requirement

lim ||T'(t)x — z|| =
im 7(t)z — o] =0

It is usually impossible to write down T'(¢) explicitly on the basis of some
modelling assumptions about the system, since the effect of various processes
like growth, birth and death are intermingled. On an infinitesimal basis these
effects are independent and additive. Therefore we are interested in differen-
tiable orbits and in the differential equation which describes such orbits. Again
differentiability at t = 0 guarantees differentiability for all . So we define:

The (infinitesimal) generator A of T'(t) by

o1
Az = lt%l , (T(t)xr — x)

with domain D(A) = {z : this limit exists}

For results stated below without proof we refer to: A. Pazy, Semigroups of
linear operators and applications to partial differential equations, Springer 1983.

The set D(A) is dense in X, the operator A is closed and can be the generator
of at most one semigroup. The following famous theorem gives necessary and
sufficient conditions for an operator to be the generator of a semigroup.

TrEOREM III.1 (Hille-Yosida). A closed operator A with dense domain D(A)
is the generator of a strongly continuous semigroup if and only if real numbers M
and w exist such that for all A > w the operator AI — A has a bounded inverse and

M

Hgm 7n:172,3,...

(A= A4)7)

For instance, if A is an elliptic operator one can use the spectral theory to
verify these estimates and then the theorem yields existence and uniqueness for
solutions of the parabolic equation.

This is not the way semigroup theory is used in structured population mod-
els. We shall not use the Hille-Yosida theorem!

Instead, as we have seen already in part II, we introduce the solution opera-
tors by a combination of explicit expressions (involving the characteristics) and
a perturbation argument based on the variation-of-constants formula. Before
working this out in more detail I want to answer a question which one might
have: why then bother about the generator? The point is that the spectral the-
ory of the generator yields information about the asymptotic behaviour of the
semigroup! (see the text about Example 3 at the end of Section II; also recall
that the asymptotic behaviour of the solutions of a system of ode’s is governed
by the eigenvalues of the matrix featuring in the differential equation)

THEOREM II1.2. Let Ay be the generator of a Cy-semigroup Tp(t) and let B a
bounded linear operator. Then

A=A+ B with D(A) =D(Ao)
generates a Cp-semigroup T'(t) and the variation-of-constants equation
t
Ttz = To(t)x + / To(t —7)BT(T)x dr
0

holds.
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One can prove this theorem in various ways, but one proof starts from the
v-o-c-f which is solved by successive approximations:

T(t)x = ZTj(t)aj
5=0

with .
Tj(t)x = / To(t — T)Bijl(T).’EdT s ] > 1.
0

Subsequently one uses that + fot To(t—7)BT(1)xdr “Y Bz to deduce that T(t)
is generated by A = Ay + B.

EXAMPLE 1. (age dependent population growth)
Define
(Ty(t)9)(a0) = d(ao +1)
on X = Cy([0,00)), the space of continuous functions on [0,00) which tend to
zero at co, provided with the supremum norm. Since elements of X are uniformly

continuous, the translation-operators Ty (t) define a strongly continuous semigroup.
Clearly D(A,) = {¢: ¢ € C'} and A,¢ = ¢'. Define

(ng(t)qS) (ao) = ¢)(a0 + t)e_ faa(?-*-t (o) do
and
Agad = ¢' — po
with D(Agyq) = {¢ : ¢ is absolutely continuous and ¢’ — pu¢ € X}. Note:

1) the expansion described above corresponds to the Taylor expansion of the
exponential function
2) if we want to apply the above theorem we have to require that p is con-
tinuous; however, our explicit expression makes sense and defines a Cp-
semigroup on X under far less restrictive conditions on u; for instance p
defined as an L., equivalence class will do; in that case it is impossible to
write the multiplication by p as an operator with range in X! The space
X is not rich enough to describe the formal splitting of Agq¢ in the ¢’
and the —pu¢ part
Similarly when looking at %—T(t,ao) = —g—g(t,ao) — p(ag)m(t,ap) + B(ag)m(t,0)
one cannot describe the birth term 3(ag)m(t,0) by an operator with range in X if
[ is given in the L,.-sense only. Yet the renewal equation derived on page 18 can
be solved by successive approximations and next the Tgq, semigroup can be defined
in terms of the solution of the renewal equation. O

We conclude that the easy perturbation result is not strong enough to deal
in a functional analytic precise manner with population problems for which, on
the other hand, it is perfectly possible to define solutions in terms of successive
approximations. We shall now describe an extension of the perturbation result
which is based on the construction of a wider space X©* in which X lies embed-
ded. The construction is based on the behaviour of the unperturbed semigroup
To(t) at t = 0. Next the perturbation operator B is allowed to have its range in
X©®*. Under a reflexivity condition the convolution integral brings us back to
X.

The construction of X®* is also based on duality. In a sense we work with
a second dual space, but with a canonical restriction procedure built into it.

It is convenient that our framework is based on duality, since, after all, we
are heavily interested in the behaviour of T*(t) on X* since this corresponds to
the forward equation on the space of measures.
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IT1.1. Dual Semigroups.

Let To(t) be a Cp-semigroup on X generated by Agy. If X is non-reflexive
the semigroup of adjoint operators T () on the dual space X* is, in general,
not strongly continuous. However, we have a second natural topology on X*,
the weak * topology (for our purposes the only important point of this topology
is that a sequence z}, in X* converges weak * to * € X* if and only if
(z,22) "= (z,2*) for all € X). And indeed it is very convenient to discuss
continuity and differentiability properties of orbits relative to this topology. (The
main results are due to Phillips, 1955, but the book Semi-Groups of Operators
and Approximation, P.L.. Butzer & H. Berens, Springer, 1967, is in my opinion
the most convenient reference):

1) t v (x, T (t)z*) is continuous (i.e. orbits are weak * continuous).

2) L(T;(t)a* —a*) converges weak « iff 2* € D(A}) and then the limit equals
Afx*. Moreover D(Af) is invariant under T (t) and an orbit is weak =
differentiable if and only if it starts with an element of D(Af).

Related to the fact that T (¢) need not be strongly continuous is the fact
that A§ need not be densely defined. Of course we can restrict the semigroup
to the maximal subspace of strong continuity, i.e.

XO = {a*: |T5(t)r* —2*|| — 0 as t | 0}

and likewise we can restrict A to the closure of its domain. The next result
states that this amounts to the same thing:

THEOREM IIL.3. X© = D(A4}), is invariant under 7§ (¢) and the strongly con-
tinuous semigroup 7§’ (t) obtained by restriction to X is generated by AS, the
part of A% in X© (i.e. the largest restriction of Af with range in X©).

Remark: One can recover T from its restriction to X© by the so-called inter-
twining formula

Ty (t) = (M — ADTg (H)(M = A5) ™

(in our context this relation has the following “free” translation: if you first
integrate, then translate and finally differentiate you may as well just translate).
Before going on with another duality round we state one more equivalence
result: Lipschitz in norm ~ weak x differentiable (in view of Alaoglu’s theorem
on the compactness of the unit ball with respect to the weak * topology this is
not too surprising).
Define the so-called Favard class of T by

1
Fav(Ty) := 2" : limsup —| 7§ (h)z* — 27| < oo
nio  h

THEOREM IIL.4. Fav(Ty) = D(Af)

IT1.2. Second Dual Semigroups.
Starting from Téa on X© we can repeat our procedure: introduce X®* and

the weak * continuous semigroup TSD* and subsequently X©© = D(AE)D*) and
the restriction T5°® generated by the part AJ® of AS* in X©©,

The pairing (z,2®) defines an embedding of X into X®* (note that X®
is weak * dense and consequently |z||" := sup{|[(z,z®)|: ||z®| < 1} defines
an equivalent norm on X (which is identical to the old one whenever Tp(t) is
a contraction semigroup); therefore the embedding of X into X®* is a closed
subspace). We shall denote this embedding by j. Clearly j(X) € X®® and

T (t)j = jTo(t).
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DEFINITION IIL5. X is called ®-reflexive (pronounce as : sun-reflexive) w.r.t.
Ty iff
) = x°°

EXAMPLE 1. continued: X* = M][0, c0) and
(T; (t)0)(w) = O(w;) where w; :={a+t: a €w}

The domain of the weak * generator consists of measures which have a bounded
variation density (so that their derivative defines a measure again). When taking
the closure the density still has to exist but need not be BV. Hence

X® =1L1(0,00) and X®* = L, (0,00)
The embedding j assigns to the continuous function its Lo equivalence class. The
domain of Ag* consists of the Lipschitz continuous functions (so that their deriv-
ative defines an L., element). When taking the closure the Lipschitz condition

disappears but the continuity remains. However there is no condition on the be-
haviour at infinity other than uniform continuity. So

X° = BUC0, 50) # j(X)
since elements of j(X) tend to zero at infinity. O

If we consider translations on the circle (periodic functions) or on the com-
pactified line (require limits at infinity) then we do have ®-reflexivity. So the
property seems to be related to compactness. And indeed:

THEOREM II1.6 (Phillips-de Pagter). X is ®-reflexive with respect to Tp iff the
resolvent (A — Ag)~! is weakly compact.

Let us first concentrate on the ®-reflexive case.

X — X"

(] )
XO* < XO©

We shall not write the j (we identify X with its embedding in X©*). Let B be
a bounded linear operator from X into X®*. So the range of B is in the larger
space X ©* which we have introduced on the basis of the behaviour of Ty(t). We
can now write the differential equation

du
u0)=z , pn = AY*u + Bu
for X valued functions u (so we look at orbits in X but the differential equation
is an identity in X©*) and integrate it to obtain the variation of constants
equation

® u(t) = To(t)x + /0 TS (t — 1)Bu(r) dr

The following key lemma tells us that we can solve the equation by successive
approximations and gives further information.

LEMMA II1.7. Let f : Ry — X©* be a given norm continuous function. Define

t
u(t) = / Tt —7)f(T)dr
0
as a weak x integral, i.e.

(v(t),z®) :/ <f(T),T(§D(t—T)1'®>dT vz® e X©
0
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Then v is norm continuous, takes values in X and

ool < (1) s 150

0<7r<t

Here M and w are such that | To(t)]] < Me*t. Moreover
1
Ev(t) — f(0) weak * ast]O0.

If f is Lipschitz then v takes values in D(AS*) and is continuously weak x differ-

entiable and
d

dt
CoROLLARY IIL.8. (¥) defines a Cy-semigroup 7'(¢) on X and
IT(t) — To(t)| = O(t) for ¢ 1 0.

Side-remark: One can also show the reverse: if T" and Ty are two Cp-semigroups
on X such that | T(t) — To(t)|| = O(t) as t | 0 then B : X — X©* exists such
that

(u(t),2%) = (A§"v(t),2%) + (f(t),a®) , Va® € X©

T(t) = Ty(t) +/0 TS (t — 7)BT(7) dr.

COROLLARY IIL.9.
1) D(A*) = D(A}) and A* = A} + B*
2) (note that X® does not change under these bounded perturbations)
D(A®*) = D(AJ*) and A®* = AY* + B

The generator of T is, of course, obtained by taking the part of A* in X.
Since this is basically a condition on the range of AS* + B the operator B may
(and does in examples) influence the domain. So note that on the big spaces the
domain of the weak * generators does not change under bounded perturbations
but that on the small spaces the domain of the strong generators may change
considerably.

Note that in the ®-reflexive case we stay in the realm of dual semigroups
when applying bounded perturbations.

In the general case we can still obtain a Cg-semigroup T© on X© by solving
the dual variation-of-constants equation

t
TOt)z® = TS (t)x® + /0 Tyt —7)B* T®(1)2® dr

where B* : X® — X* is the (restricted) adjoint of B.

X — X"

/T AN

B {/X oo

XOx «  XO

The O(t) estimate shows that D(Af) is invariant under the perturbed semigroup
since it is the Favard class. So the definition

T*(t) = (M — A)TO () (M — AX) !

where
A = A+ B* and D(A*) =D(A4})
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makes perfect sense and it extends the semigroup to X*.

Starting from T® we can introduce T®* and T®® (note that X®® does not
depend on B*) but in general X will not be invariant (example: take the age
dependent population problem and assume that the birth rate 8 has a non-zero
limit for a — oo, then Cy(R4) is not invariant). So at first sight it looks as if
we cannot come full circle. However, the following lemma tells us that there is
a canonical embedding of X®® into X** and that T©® and T* are related by
duality in the corresponding sense.

LemMmA II1.10.
t
[#°9 2*] = ltiﬁjl %(1@@,/0 T3 (r)a™ dr)
= /\H_)H;o Mz®9 (A — A5~ ta*)
defines a bilinear continuous mapping X©© x X* — C and
[T99(t)29?, 2%] = [2°9, T (t)2"]

We call the o(X*, X©©) topology the ® topology. The lemma tells us that
the orbits ¢t — T (t)z* are continuous in the ® topology. Likewise we have

THEOREM IIL11. 1[z®®, T*(t)z* — z*] ) (290, A% g*], YOO
iff * € D(AS) = D(AX).
So we now use the ® topology to characterize the continuity and differen-
tiability properties of orbits. But we still use the weak * topology to define

integrals since X* equipped with the ® topology is not necessarily sequentially
complete. Nevertheless we can prove:

THEOREM II1.12. Let f: Ry — X* be norm continuous. Define

t
v(t) = / T*(t—7)f(7)dr
0
Then v is norm continuous and takes values in X©. If f is Lipschitz continuous
then v takes values in D(A) and is continuously © differentiable and

4120 0(t)) = [2°°, A0(0)] + [2°°, /(0] ¥a©

The so-called semilinear problems are defined now by a Lipschitz continuous
nonlinear mapping

F:X% 5 X*
Again we look at orbits in X® but interpret the differential equation
d
d%‘ = Au+Fu) , u(0)=2®

as an identity in X*. Solutions are defined by a contraction mapping argument
via the integral equation

t
u(t) =TO(t)z® + / T*(t—7)F(u(r))dr
0

For z© € D(A}), a dense subset, these satisfy the differential equation in the
sunny sense.

The integral equation is the key ingredient for proofs of the linearized sta-
bility principle, the construction of stable, unstable and center manifolds and
hence for a standard treatment of Hopf bifurcation.

This approach yields results for population dynamics in L; when only the
birth-and death rate are affected by nonlinear feedback. If, however, the change
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(or growth) rate of the individuals depends on the environment one has to work
with evolutionary systems as we introduced them in part II. This still has to be
worked out in detail.

Moreover, in the nonlinear case we don’t have an intertwining formula to
extend everything to X ™. So if we want to work with measures we have to follow
the approach outlined in part IT (feedback via the environment).

The set up of this chapter yields stronger results in the sense that the birth-
and death rates are allowed to be defined in the L.,-sense only, provided the
i-state space is one-dimensional. When the i-state space is higher dimensional
the space X© is characterized by some smoothness along the characteristics and
“nothing” transversal to them. If the growth rate is independent of the environ-
ment this is probably not too bad a situation but in general it is not what we
want. Therefore it seems more reasonable to take some smaller subspace which
is still invariant, weak * dense and such that orbits are strongly continuous.

On the other hand we cannot allow jumps in the birth of death rate unless
these jumps are located on curves which are under all environmental conditions
transversal to the characteristics.

In the near future the ideas outlined in part IT and the present part have to
be unified into one coherent framework.
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ALFEFELCENDIHELZHYLTVES. €52
EALSBEVWLET.

X T, 4\ HTIE Python D4 7Y = 7 MaA %
foTeNFI—I2 YV FPETADII 2L —a Yy
0o Lo TAET. A7 27 MEREIIZT
OJ33I D a0—D>T, RBELAVLIER @hH
LoD M/ ) (#7207 ) OFFLLTRRART S
»hATT.

Bz, =—Y =¥ b LEED 1 XD 2 il E%E n
27y TREIHE (+1) 2k (=1) 87 Y X LZBET
570750 %kFEZET. (A7Y 27 MEREXTHE
N3) WHEEZIEFCENTWL FEsfora s o
DEEHTHIUL, RZtTD x DEIZT > X LT +1
EMET 222 nEiEDRT ISR T0rI0%H
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T, A7V MEAITT RS T L 2ELIGA, €/,
DEDLI-JzrbhEHRLELTIOISLEEST
WEXT. Lo T, TV MEERTD
(Agent 7 7 2A%{E3) L ZA0LTRT T LADIRE
9. ZOERNIN 1 HHOBVWEAE b
HOTY., T—Yxr ME, BEONME (v FEE) &
WOEHE TBET2 (NEZEHTZ)) LWV
B (XYY R) 2RO S5CERTI2ONHATL &
5. T—YzV MOERKE, T—YzrPDENK (F
T2 ) Fagent L VWIHOHKFTEKLET. D
%, agent KX L CnEIBEIELZ 2@ DIRL %
T. ZOXOIRETE/DEREZES, ZOXRK (F
IOV R) ZERLIEHET, 27TV MMIHL
TEREEFTSCVWSHETIOI S LEZE>TVL DN
* 7Y 27 MERIOEARN LD HTT.

FRoflIcRLEZE S, 2o =] ZH0ICAL
HEENTW LR HIEvLF ISz FEFLE
FEFWHERRWTY., ZE8Rs, v FI -z
FETAZZEDZBMOE2DOFMERITS -2 b
PEBEZ > TSNS AT LDETLTHD,
TV be E/)] 2RIANEA TS =7 MEW

“HRIA KRB
T R K22 AT T2 RIS

PESTHEHBMICYIaL—Yara—RIEL LA
DB TEENHTY.

AFLHTIE Python TOA 7Y =7 MERIOEZ )
PRRHL, BRERICA T 22 MEAICE 3~ L F
I—YVzYhETNLDA—REGRAMEL LT, 7
P MEAltIALFI—Y 2y FEFALLOHEED
RapbLcdmraohizo e loT0ET.

AEFOMNIRTT : ¥F, A7V 7 MEAIOD
HEARTHZ752 4 VAR ZAZOWTHHE L %
3. R, Python TOZ FADEXHEBENL, 5
VRLD A — =R o TEBICY 5 A %o T
AET. BRI, SAFI—V 2V FEFLDY
Sal—YaryursarERELEY. ARETKE
e LB — 225 2 I LEL & .

SHAVWE2TO e 740y —2a— R, §
LE~5 3 E e FAfICZ D=2 — 2L X —HO GitHub
(https://github.com/igenki/biomathNL) [1] {ZEWT
HHET. BI04 L VWHIHFTD 7+ AKX D ¥
TRy ra— FAEZOWTEE 1R, $2E22
S22 0.

-1 +1
N
@ ————
4 -3 2 -1 / 0 1 2 3 4
I—-ox2h
FREARTOIZIY A7 o NBR7OIZEIV Y
n BE#YET : Agent VSR
r=+1or -1 - BREOWE: x
X +=r - BHIS :moveQ

agent = Agent  I-PI2h0D
g O ATOTONER

n BT :
r=+1or -1
agent.move(r)

1 FhzBr A7y =2 Mam
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2. 9FREAVRAVZR

21 I93R

FFA TV 27 MEBORAYL 22595 XD
LEROEL 9V, 5 Rk1F, WMICES L, [ZE
BB ENZHRSBHUBZOLEFLHICLTSAAZ
DFTEHD)] THY, HIFTOSVWELEMES S,
/1 OFERNCHLE L ET. /27 7 AN
FEANC AV Y R WS GRTTHIER, 24 T/
DEIED 5 \WVIE3B FWNTHYE L 32,

Hle LT, 1CD T Y BT +—H—% 27 5 ATH
HLTAELED. ZIZTE, IRCDTF VX LD +—
A= IXERLEEZIEAYE LD T VX LRI —
TEEBHTEZIEEDRT DO LET.

IIRZERBREXY y FERBETDT, 7YX AL
Tk —H—DETADNLZNSIHAY T ZIREERE
B, ZP2FVEHHLET. V0 ETIVEL T 4+ —
71— DIRERIFER LOME, ERE—HEDT VX A
Y+ — 7 CTOREEHE, 23FWETVE LT+ —2
*L¥9. T’ RandomWalker 7 7 A & & fHiF %
T, V5 ADEZEEFT LD TBLLEMUTDES TR S
TLx9.

RandomWalker 7 5 X
o M
— position : TV E LY+ —H—DHENME
— speed : TYRLY x— 7 DBREIE
e XV vl
— walk(): FVRLYF—TXHE5

22 AVARAVA

BIHICTZ 2 A& T/ OFRGIR) THReEXZE
L7, ZhEdhbs, 77R&E, 0WEEGEARL
7250 ThHhH, BERNERE ) ZOHDTERVWI R
RLET. WX 52, D RandomWalker 7 7
VIR AEZR L TV B TH D, [HEM
iE5, BEiE1 * [BEME-2.4, BE#R 08 &Y
DIEZFFO BRI T Y X LT+ —h—BikEfES R
WEWH ZETT.

I ARRIMEON S BEHRNRE ) ZAVREY
AW, Tl VARV ARERT B2 Bik%E A4

V72 22 MERIZIEZ 5 ZAX— X (Java % Python
THEH) 78\ & A FX—X (JavaScript THEH)
BREWLKDODDRARXANDH D £FH, RlHETIE
Python TR XA TWVW3 27 5 AR— I » TN
LEJ.

DO EFBIIMER . W OMEES D D T, SR
ZHOEZDITRET, XV v FERHLZZVI LR
KDOFENMID T

RandomWalker 22 A

o position (RIELE)

o speed (BEE)

» walkQ (PR LTA—DT D)

AV ARY AL
rwl rw2 rw3
o 5.0 o -2.4 o 10.5
o 1.0 o 0.8 o 1.5
= walkQ) = walkQ) = walkQ)
AVABRVA AVABRVA AVABRVRA

2 RandomWalker 7 2 2D 4 > A& > 21

VAR ALV E T, K 2ERTL SV, B
@ RandomWalker 7 7 ZIXIRREEE (BRENE) & E
B(BER) 2 —23ofb, 7VXLvr—2%(TS
PVWIOIMIRRERIC R > TVWET. ZHUICE SNV T
BRI 7 v X+ —D—%{E5 2, 2D TERC
RT XS THEME 5.0, BEIE 1.0 28> rwl] %
MHREN E-2.4, BEIER 08 2RO w2 REDA VR
RUABERTDZENTEET. TIT, rwl, 1w2,
w3l FNZENDA VAR Y RZOF AT Y. &
Sal—yaryrarILakErEX, 7I7A0D
A VARV ABRERL, A VARV ADAY v REHE
TEETOL X3RRI T Z gk £7.

3. Python TDY ZADEWLA

ZATIEWV XWX Python TDZ 7 ZDERTIE,
A YRR RERDRDTT, BEORXY v FOETS
EERFALTOWEES. 5ED Jupyter D/ — b 7'
7B LTVWET DT, biomathNL @ 04 7 4 LK
IZA 2 TW3 class.ipynb 7 7 4 L% Jupyter THIWT
{72&0.

3.1 RandomWalker 7 5 X

AIEiD S5 EHMNT T Y X LY + —H—2@MIc L
DET. Boh < RDTHED RandomWalker 7 7 A
WOLNIFRLT, YIal—ya VERERENIC
FRARTELEIOCLEL &S, FEEETHENE D
ES5REL-oT Vol /T 7 TRRT 572012,
ZYELY x— T — DHIEZ LIRS S trajectory & W
SVYRAMZEBML, ZAxiiAl-Tr 7 76T %
show_trajectory() W5 XY v FHEMLET. T5
e, LT ks icEsRe 7.

RandomWalker 7 5 X

o

DY VARV ATIRB ATz PRI (DD
FIH, KHLETIEIA Y REXRATH—LET.
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— speed : TUE LY +—7 OBEER

— position : T YR ALY +—H —DBENE

— trajectory : IV XLV A — N —DHWVI:
3B (7 D FEAR)

e XV vy F

— _init_(sp) : ZE VLT 5

— walk(): ZVELY -7 ZED

— show_trajectory() : ZWiHiE%Z 7 Z 71t
LTHRR

3.2 UVZADERE

D75 A% Python TEHRLTAZL & 5.

25 Bl SVELTA—h—DIFIAERER &
WO RBLOTIEH B 220D AZIEIZHETLTL
EEW. ROAIDENLZTA T 5 Z2iAALzDdD
HDRDTRICKIC LR TRWTY. RDOELTIX
RandomWalker 7 7 X Z EFHITER L TWE T (VY —
Za—F 1LIZHRILAEZRT). UTFTZzhELD
WM EERL TWE2DO0EHALEL £ 5.

class RandomWalker:

1
2
3 # ZR oL

4 def __init__(self, sp=1.0):

5 self.speed = sp # BEE

6 self.position = 0.0 # #JfA{ &

7 # WEZ T 2

8 self.trajectory = [self.position]
9

10 # 7YX LRITE (-1 or 1) IT—HHL

11 def walk(self):

12 # -1 or 1 ZELETAEK

13 tmp = nprd.randint(2)*2 - 1

14 # HIfTCIRD ZJTIAIC speed 721 E)
15 self.position += tmp * self.speed

16 # BLEZ T 2

17 self .trajectory.append(self.position)

18
19 # Bk HEE 77 71t

20 def show_trajectory(self):

21 # il 2 NV & BE

22 plt.xlabel(’time’, fontsize=12)

23 plt.ylabel(’position’, fontsize=12)
24 # #EZ 7 my b

25 plt.plot(self.trajectory)

V—Ra—F1 SVRLTA—H—T 5 ADERH

1fTHZ class WS F—7 — F&ffioT, Ran-
domWalker ¥ WS HETD T Z AT TERT S 2 W
SHFTY. ZOESWE I IRAEERT S LETOIH
WNZEDP LTI R D ERA.
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ATVRIYRER + XYY RDRIT

1 # SYFATA—DH—D1TVRI VI ELER

2 speed = 1.5 # BEE

3 rwl = RandomWalker(speed) # BEHEZ5/HICET
4

5 # 100(]>>5h0+—20 33
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7 rwl.walkQ)

8

9 rwl.show_trajectory() # BPEZRSES
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— strategy : HEHE
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e XYV v R
— _init__ : 2RV 3
— get_payoff() : FIRZEREE2
— update_strategy() : ¥KB§Z HHT 2
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1 class Agent:

2

3 # WIHLH

4 def __init__(self):
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WHIR C D FE1HAA
c (R S
o (r p)
. T—LZE
4 BT LETOHENT — L4
5 # ) (© I D) I VXA 52 self.strategy = self._next_strategy
PRI
6 self.strategy = np.random.choice([’C’ VeZ2a—F 2 IT—Uzyh¥IRADER
» ’D’1)
7
8 # AR T L S HRg FIFEFE TR, Y —Ra— KA
K self._next_strategy = None EMAET. AFHHSO_init_x Y v FTEEIED
11 s MDY £y FLE FIEMEATTDOINTWE T83, KT strategy 13 C 22D >
12 self.reset() XFDIBDH T R LMGEATYILE NS X 55
13 AL TVWET. 2R, BT LoWIHEIKEEZ 7 >~
i: XL T270TT.
16 # MR ICEBINZ ) £y ML F7z, SO EH 2 [FHIICAT S 720, EFHolEz
17 def reset(self): P find_next_strategy X ¥ v F & updata_strategy X v
s self-payoff = 0.0 # A3 ZHR FO20HEILE L7z, WM& TR EmORIGEH
20 DIL—Yx Y bOEIRZRIEL, Z% next_strategy
21 i EWORBMICXELET. ZORICERERZHEITLT,
22 # MR2R/2 . N W . -
23 def get_payoff (self, p): ‘tgx TLTELHRET strategy EEFTHLLS
24 self.payoff += p mhTy.
25 17,184TH D reset X ¥V v RFHRBEHFEIN S 20
- AT M EEN DD TTD, T—Y =Y FPOFH
28 # I Yy rESESOT DS BREADFVTERVDZFUI LU LR THVWE
29 # XL H{OEVEREEZ Ho0 T —RRF TA.
30 # (5% Dneighbors F4iLfFO T - = ¥ b _
U2 ) 42 2Ial—-o3areERT
31 def find_next_strategy(self, neighbors): ZARTIE Agent 7 5 2% OV — 2D 3 2
32 — > .
33 435 + BODOU R F2ES L—>aryzFEITLULTAEL & 5. SpEvolGame.ipynb
34 list_with_me = neighbors + [self] D Agent 77 RAEEHZELELDT, VI ab—a
35 # [ E*’J?%ﬁ“‘éi%é‘ AT, ZHIA VH OB v EX N a— KDL % Shift+Enter
AN A e . o = . e
36 np.random.shuffle(1ist_with_me) TEIL, ZOFERD T3 2 v —>a ¥ &%)
37 CEEINTa—REFETLTATLZE V. D UK
38 # ARG RO T -T2 v P RT DM DEFTH, >3 al—ayOlEHHEEA—
» max_agent = list_uwithmel0] , B2 100%ISESNT Vo128, BTFICY S 7 HFT
0 for i in range(1l,len(list_with_me)): o o
41 a = list_with_me [1] éﬂ% (\_).AEILE‘\L\iT ( 5)- : 0)77 7&*‘@{&%3@@&:
12 if a.payoff > max_agent.payoff: SN THHEDEEHLE(T BT 2R LTS DR
o max_agent = a DEF. SEEH L (R,S,T,P)=(50,6,1) 2153
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Spatial Distribution of gut microbes along the

intestinal duct
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Ying XIE

FACK AR ABERAL AR SHlEER K

A mathematical model for the influence of the
social insensitivity on the SIS epidemic dy-

namics

Individual behavior has long been recognized as
playing an important role in an epidemic dynamic.
Sometimes such behavior to the disease will not be
stimulated unless the epidemic has reached a certain
level.

The main purpose of this work is to investigate how
the social insensitivity affects the epidemic dynamics
during the spread of a transmissible disease. From
our analysis, we found that the more insensitive to
the disease, the larger endemic size is induced. More-
over, the higher sensitivity to the disease may lead
to a damped oscillation in the temporal variation of
infectives. Our results imply that the social sensitiv-
ity and insensitivity would be significantly relevant to
the occurrence of such a damped oscillation.

e

Emmanuel Jesuyon DANSU
SRR RN R TR 22 4
Population dynamics modeling for the effect of

collective behavior on information spread

Based on the ideas of disease spread dynamics, the
thesis examines the diffusion of information subject
to certain psychological and sociological situations.
We consider two major models, namely a rejoinder
model in which there are two interacting pieces of in-
formation spreading with a time lag between them
and a threshold model in which a person only begins
to spread a piece of information after an acceptable
number of people have been spreading it. The analy-
sis of the rejoinder model shows that there is a critical
time frame within which an individual, organization
or government should release information to properly
correct misleading information that has been spread-
ing in a population for some time. In addition, the
model shows that a critical portion of a population
should be targeted with corrective information for it
to be effective. From the threshold model, we dis-
covered that the final proportion of knowers of an
information is uniquely determined by the initial pro-
portion of knowers in the population. There are also

critical proportions and threshold values which deter-
mine how well an information spreads within a popu-

lation. The models provide theoretical frameworks for
the promotion of information literacy in order to com-
bat misinformation and disinformation. Information
warfare has become intense due to increasing social

activities on the internet.
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