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Abstract

We analyze a time-discrete mathematical model of host—parasite population dynamics with harvesting, in which the host can be
regarded as a pest. We harvest a portion of the host population at a moment in each parasitism season. The principal target of the
harvesting is the host; however, the parasite population may also be affected and reduced by a portion. Our model involves the
Beverton—Holt type density effect on the host population. We investigate the condition in which the harvesting of the host results in an
eventual increase of its equilibrium population size, analytically proving that the paradoxical increase could occur even when the
harvesting does not directly affect the parasite population at all. We show that the paradox of pest control could be caused essentially by

the interspecific relationship and the intraspecific density effect.
© 2008 Elsevier Ltd. All rights reserved.
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1. Introduction

In agriculture, one of the serious problems has been the
pest outbreak. So pest management has been studied
empirically and theoretically (for reviews, see Metcalf
and Luckmann, 1975; Huffaker, 1980; Plant and Mangel,
1987; Lane et al., 1999; Hochberg and Anthony, 2000;
Hajek et al., 2007). In many cases pesticides have been
used against the pest. However, in some cases, the
pesticide is effective only in the early period of its
introduction and results in an outbreak of the pest in the
later period. Such a paradoxical phenomenon in the pest
control is often called the pest resurgence. Many investiga-
tions of the resurgence have been carried out (for instance,
see DeBach et al., 1971; Gerson and Cohen, 1989; Hardin
et al., 1995; Cohen, 2006). It could be caused by the
emergence of a pesticide-resistant strain of the pest or by
the decrease of its enemy population affected by the
pesticide (Morse, 1998).

Ito et al. (1962) experimentally investigated such a case: a
pest insect coexists with some species of spider as its
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predators. The experimental field was divided into two
regions, one of which was sprayed with an insecticide,
while the other remained unsprayed. As a result, this
chemical treatment decreased not only the pest population
but also the spider population. The pest population
increased by a remarkable amount in several weeks after
spraying the insecticide. The primary cause of this
phenomenon was suggested to be the decline of the
predation pressure due to the reduction of the spider
population by the insecticide.

Some other researches showed that a small amount of
pesticide could increase the pest fecundity, whereas a large
amount of pesticide decreases the pest population (Morse,
1998; James and Price, 2002). Such a phenomenon is called
the hormesis or the homoligosis (Luckey, 1968; Morse,
1998). The hormesis would be the essential cause of some
resurgence (Morse, 1998).

One of the most well-known time-discrete models for the
host—parasite population dynamics is the Nicholson—Bailey
model (Nicholson and Bailey, 1935):
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where s, and p, are the host and the parasite population
densities at the tth generation. A is the host (intrinsic) per
capita growth rate, o the parasitism efficiency, and u the
parasite reproductive rate by the parasitism. This system
has two equilibria: one at which both of host and parasite
go extinct and another at which they coexist. The former is
globally stable if A< 1, and unstable if 2> 1. The latter is
always unstable. If A>1, the model is unstable and non-
permanent, since the host and the parasite populations
show excited oscillations with infinitely increasing ampli-
tude, asymptotically approaching an infinitesimally small
population size at their minimal extremum in time (Hassell
and May, 1973). The Nicholson—Bailey model and its
modified forms have been analyzed by many researchers
(for instance, see Beddington, 1975; Beddington et al.,
1975; Gurney and Nisbet, 1998; Lane et al., 1999; Hassell,
2000a).

In this paper, we analyze another time-discrete host—par-
asite system which is an extension of the Nicholson—Bailey
model, introducing the host intraspecific density effect and
the harvesting effect. We investigate the condition with
which the harvesting of the host results in an eventual
increase of its population, analytically proving that such a
paradoxical increase could occur even when the harvesting
does not directly affect the parasite population at all. We
show that the paradox of pest control could be caused
essentially by the native interspecific and the intraspecific
density effect.

2. Model

In general, parasites attack only one or a few of the host
stages (i.e., egg, larva, or pupa) (Godfray, 1994; Murdoch
and Briggs, 1996; Takagi, 1999). In our model, we suppose
that there is a season for the parasitism in each year. In
each year, the parasitism season has a given length T,
beginning at time t = 0 and lasting until t = T. See Fig. 1.

We harvest a portion p (0<p<1) of the host population
at a fixed moment 1 = 07 (0<0<1) from the beginning (at
7 = 0) of the parasitism season (see Fig. 1). We assume that
the harvesting is repeated periodically every year. The
harvesting operation in our model may be regarded as the
repetitive application of some pesticides, pest-handpicking,
or infertile enemies (i.e., biopesticides, that is, the short-
time biological control, sometimes called “‘augmentation’.
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Fig. 1. Scheme of the host—parasite dynamics under a harvesting effect in
our model (3). &, is the host population density and p, is the parasite
population density at the beginning of the rth parasitism season.

For example, see Huffaker et al., 1976; Takagi, 1999 or
Hajek et al., 2007).

Let &, and p,, respectively, be the host population density
and the parasite one at the beginning of the rth parasitism
season. Before v = 0T in the parasitism season, the host
population undergoes the density effect on /. After
7 = 0T, the density effect is on the host population of size
(1 — p)h, which has successfully escaped from the harvest-
ing. Making use of the modelling for the Nicholson—Bailey
model (1) with a Poisson distribution of successful
parasitism probability, we assume that, just after the
moment of harvesting, the non-parasitized and the para-
sitized host population densities are, respectively, given by
(1 — p)he=®r: and (1 — p)h(1 — e=2TP), where a repre-
sents the parasitism efficiency including the efficiency of
searching and catching the host individual.

In our model, the target of the harvesting is the host
population, whereas it may affect also the parasite
population. We assume that the parasite population is
reduced by a portion f with the harvesting which targets the
host. Since the harvesting essentially targets the host, the
parasite removal portion f'is assumed to be determined by
the host removal portion p: f = f(p), satisfying that
0<f(p)<1, f(0) =0, and df(p)/dp=0. The last assump-
tion of the non-negative p-derivative of f means that the
stronger harvesting of the host could cause the stronger
secondary effect on the parasite. The harvesting reduces the
parasite population density p, to {1 — f(p)}p,.

Since the rest of the parasitism season has the length
(1 —6)T after the harvesting, as the Nicholson—Bailey
model (1), we can give the non-parasitized host population
density by

(1 — p)he0Tr: . o=a0=0TA~f()p;
and the parasitized host population density by

(1= p)h(1 = e TP) 4 (1 — p)he= T
X[1 — e~ @1=0T(~/(p

at the end of the parasitism season. Then, with the
reproductive rate A’ of the host and p of the parasite, we
have the following system of the host—parasite population
dynamics:

By = A/ (1 = pyhe= ==} Tp:
Pest = w1 — p)h[1 — eI ==V NP, B

Next, to incorporate the density effect on the host
population into A’, we assume that the density effect during
the juvenile period determines the host’s reproductive
success. Especially in our model, let us assume that the
cumulative density effect during the parasitism season
determines it. Making use of the Beverton—Holt type of
density effect (Beverton and Holt, 1957), the intensity of
density effect before the harvesting is assumed to be
proportional to (1 + bh,)~!, and that after the harvesting is
to {1+ b(1 —p)h,}~", where b is the coefficient for the
intraspecific density effect on the net growth rate. We note
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Fig. 2. Parameter dependence of the equilibrium H* for (4) with P, =0. (a) 6§ = 0.5; (b) p = 0.5. Commonly, A = 5.0; § = 0.75.

that, although the harvesting decreases the host popula-
tion, it simultaneously weakens the intraspecific density
effect for the host population. Our modelling may be
regarded as assuming that the parasitized host does not die
during the season. In this case, the parasitized host
individual contributes to the density effect on the
unparasitized host. Certainly we could assume that the
density effect on the parasitized host causes the reduction
of the parasite reproduction from the parasitized host.
However, in our modelling, this is not assumed to occur. In
some cases, the alive parasitized host behaves gluttonous
with an effect of hormonal substances secreted from the
parasite’s egg or juvenile. Such a case may be applicable for
our model.

The cumulative density effect on the non-parasitized
host at the end of parasitism season is assumed to be
determined by the proportion 6 of the period before the
harvesting in the parasitism season, so that we introduce

1-0

Az =7 f +
M\t bh T+ = )i [

where / is the intrinsic per capita growth rate of the host.
Then, from (2), we lastly derive the following host—parasite
system with harvesting effect:

o0 10
T+ bh T 1T+ b(1 = p)hy

(1 = pYhye~alI=0=07 (@I,

al=(1=00 (P} Tpr (3)
In our model, as the Nicholson—Bailey model, we assume
that every parasitized host produces a fixed (mean) number
of parasites in the next generation. In this sense, we may
consider that contest competition is assumed among the
parasite juveniles multi-parasitized in the same host
individual, or alternatively assume mono-parasitism (no
superparasitism). On the other hand, the parasite repro-
duction is assumed to occur after the specific parasitism
season (see Fig. 1).

Piy1 = M1 = p)h [l —e”

Now making use of the transformation of variables and
parameters

P, =aTp,, H;=aTuh,

ﬁ=—aTﬂ,

we get the corresponding non-dimensionalized system:

0 1—-0
H,., =1
ot {1 Y BH, T+ P p)H,}
x(1 — p)H e 1-(U=0/@ir:

Pt = (1 — p)H 1 — e U-1-0V(0)}P 4

For mathematical simplicity without loss of generality, we
hereafter analyze this non-dimensionalized system (4).
When the parasite is absent, that is, for (4) with P, = 0, it
becomes the Beverton—Holt model (Beverton and Holt,
1957) and gives a variation in generations similar to logistic
growth. We have the following unique equilibrium H*:

., A+VA+B
ST ©

where A=(1—-0p)(1—p)i—24+p and B=4(1 —p)
{(1 —p)A —1}. It exists if and only if (1 —p)Ai>1. If it
exists, it is globally stable. If (1 —p)A<1, the host
population goes extinct. Neither periodic nor chaotic
variation occurs. We can easily prove that the harvesting
necessarily reduces the equilibrium host population density
(Fig. 2).

3. Analysis
3.1. Without harvesting

First, let us consider system (4) without harvesting
(p = 0). In this case, there are at most three equilibria: (0, 0)
and

— -1
(#.0) = (T"))’

2 —pP* _ l
(H* P*) = (Ae

5 (6)

JH* (1 — eP*)>.
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The equilibrium (H,0) exists if and only if A>1, and
(H*, P*) does if and only if 1>1+ .

The equilibrium (H, 0) is locally stable when 1</ <1 + f8
and unstable when A>1 + . We numerically analyzed the
eigenvalues to investigate the local stability of (H*, P*). As
shown in Fig. 3, the equilibrium (H*, P*) is locally stable
when 1+ B<A<2*(f), where A*(f) is a function of f.
Numerical calculations indicate that the eigenvalue is
complex when the equilibrium (H*, P*) changes its
stability. Hence, from the characteristic equation for the
eigenvalue about (H*, P*), we have the following equation
of parameters at the stability boundary for (H*, P*):

(1 =2B)% — \/2(J. — 4B) — 2281n A2 2/1&(2 =4 _y,

(7N
(H*,P*)
= (H,0)
1
(0,0)
0 1 2 3 4
B

Fig. 3. (B, 1)-Dependence of the local stability of equilibria in the case
without harvesting, (4) with p =0. For the region “u.s.”, every
equilibrium is unstable. Regions of (H*, P*) and ‘“u.s.” are numerically

In fact, Eq. (7) appears to coincide with the numerically
obtained stability boundary for (H*,P*) (Fig. 3; the
boundary curve may seem linear, though it is really
nonlinear).

Fig. 4 shows numerically obtained bifurcation structures
of the limiting state (mathematically attained as t — o0) in
terms of 4. For A> A*(B), the limiting state appears chaotic
(see also Figs. 5(b) and (c)). However, the numerically
obtained Lyapunov exponent is not greater than zero but
almost zero for the corresponding value of 4 (Fig. 6(a)).
This bifurcation to chaos is what is called a Neimark—Sack-
er bifurcation or a secondary Hopf bifurcation (for instance,
see Seydel, 1994) as indicated by the complex eigenvalue
at the stability boundary for the equilibrium (H*, P¥)
(see Fig. 6(c)). Indeed, the numerical calculations as those
in Fig. 5(c) indicate that any point (H,, P;) for sufficiently
large ¢ is asymptotically on a closed curve in the (H, P)
phase plane. In this sense, this chaotic variation is
sometimes called a quasi-periodic state, too. In addition,
we can see a periodic behavior for some values (i.e., in
some windows) of > A*(f) (Figs. 4 and 5(d)).

3.2. With harvesting

We focus on how the intensity of harvesting (p) and its
timing (0) affect the nature of the limiting state. System (4)
has at most three equilibria as in the case without harvesting.
As for the equilibrium (H, 0), we can find that it exists if and
only if (1 — p)A> 1. From the local stability analysis, (H,0) is
locally stable if 1 <(1 — p)A<(1 — p)A, where

(1—p)i
_ A T=A =0 (B + 1A =p){l =1 =0)f(p)}]
{1 =1 =0 (Pl = 0p)f+ (1 = p){1 = (1 = O)f (p)}]’

obtained. (8)
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Fig. 4. Bifurcation diagram for the limiting state of system (4) in terms of 4. (a) p = 0; (b) p =0.2; 0 = 0.5; f(p) = 0.1. Commonly f = 0.75.
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Fig. 5. Temporal variation of host and parasite populations in the case without harvesting (p = 0). (a) 4 = 3.0; (b,c) A = 5.0; (d) 4 = 6.12. Commonly,

p=0.75; Hy = Py = 0.5. In (c) and (d), plots are only for a range of sufficiently large ¢.
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Fig. 6. Numerically obtained A-dependence of (a,b) the Lyapunov exponent and (c,d) the absolute value of eigenvalues for the equilibria of (4). In (c,d),
the solid curve indicates the eigenvalue for (H*, P*). Thick dashed curves are for (H,0), and thin dashed ones for (0, 0). (a,c) p = 0; (b,d) p = 0.2; 0 = 0.5;

f(p) =0.1. Commonly = 0.75.
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We numerically investigate the bifurcation structure, the
Lyapunov exponent, and the eigenvalues of the equilibria for
(4) as shown in Figs. 4 and 6. We find that the bifurcation
structure is qualitatively similar to the case without harvesting
(see Fig. 4). The temporal variations in the case with
harvesting are qualitatively similar to those in Fig. 5, too.
However, the location of bifurcation points are significantly
affected by the nature of harvesting. Numerical calculations
indicate that, as for the equilibria (H,0) and (H*,P*),
harvesting makes the bifurcation point in terms of A occur at
a larger value of /4 than in the case without harvesting (Figs. 4
and 6-8).

3.3. Impact of harvesting

As p gets larger, (H,0) and (H*, P*), respectively, require
a larger value of A in order to be locally stable (Fig. 7).
Moreover, as indicated by Figs. 7 and 8,we can sce that the
host population density H* at the coexistence equilibrium
increases as p gets larger, while the parasite population
density P* decreases even if the parasite is not directly
affected at all by the harvesting, that is, even if f(p) =0
(also see Fig. 9(a)). In contrast, in the case of chaotic
variation, the time-averaged host population density (H)*
decreases as p gets larger (Fig. 10). Harvesting could
suppress the chaotic variation toward the equilibrium state
as Figs. 7-10 indicate. The harvesting makes the equili-
brium host population density H* larger (‘“‘paradox’’) while
it makes the parasite population density P* smaller. These
results are independent of the curvature of the function
f(p) (e.g., concave or convex) as easily seen from Fig. 8.

These features appear in our model commonly for any 6.
As indicated by Fig. 7(b), the harvesting timing given by 6
certainly affects the emergence of paradox although its 6-
dependence is relatively weak, compared to the p-depen-
dence. The equilibrium host population density H* is

p

slowly increasing in terms of 6 when the host coexists with
the parasite, that is, at (H*, P*) (Fig. 7(b)).

With respect to the emergence of the paradoxical
increase of the host population density H* by the harvest-
ing, we can prove the following theorem (Appendix A).

Theorem. For the coexistence equilibrium (H*,P*), we
always have

H* P*
>0 and lima

<0.
p—0+ ap

B
ﬂ—l>r(1)1+ op

This theorem means that the harvesting necessarily
makes the equilibrium host population density H* larger
and the coexisting parasite population density P* smaller,
compared to those at the coexistence equilibrium state
without harvesting.

4. Comparison to some other models

In comparison to the case of the Beverton—Holt type of
density effect in our model (4), Fig. 11 is a numerically
obtained bifurcation diagram for the following system with
the Ricker (or Moran—Ricker) type of density effect
(Moran, 1950; Ricker, 1954):

H = A1 = p){e™ P 4 (1 — g)e PI-0H1)
XHte_{l_(l_H)f(p)]P”

PH—l = (1 - p)Ht[l - ei{li(lie)f(p)}Px]. (9)

This model without harvesting (i.e., p =0) has been
analyzed by many researchers (for example, Beddington
et al., 1975). For review, see Hassell (2000b) and Hochberg
and Anthony (2000). As seen from Fig. 11, our numerical
calculation for (9) with harvesting (p >0) shows that the
host population density H* at the coexistence equilibrium
increases as p gets larger, similar to our model (4).

CHAOQOTIC

eammaEmmesam=sma

p

Fig. 7. Parameter dependence of the time-averaged host population density at the limiting state. Numerically obtained. Darker region corresponds to the
smaller time-averaged host population density. (a) (p, 2)-Dependence with 6 = 0.5; (b) (p, 6)-dependence with A = 5.0. Commonly, f = 0.75; f(p) = p/2.
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0 = 0.5. In the density plots, the darker region corresponds to the smaller time-averaged host population density at the limiting state. The attached
bifurcation diagram in terms of p is in the case when f(p) = 0. If we draw the curve of a specific function f(p) overlapping the density plot, we can see the

p-dependence with the given function f(p).

As another type of the host—parasite model, let us
consider the following model:

0 1-0
O ey e (A (L)
Py =1 —p)H{1 - II(P)}, (10)

where IT1(P;) = [1 4 {1 — (1 — 0)f(p)}P,/k]™* with a posi-
tive parameter k. This model is derived by substituting the
negative binomial distribution for the Poisson distribution
in (4). In this case, May et al. (1981) show that, as long as
k<1, for any host density effect, parasitism can stabilize
the interaction. In this paper, aside from the stabilization
role of the negative binomial distribution, let us focus the
effect of harvesting on the host population density H* at

the coexistence equilibrium. We numerically found that, in
some cases for this model (10), the equilibrium host
population density H* decreases as p gets larger (Figs. 12(a)
and (c)). In the case of a sufficiently large parasitism
probability with large k, the equilibrium host population
density H* increases as p gets larger (Fig. 12(b)). The
equilibrium host population density H* decreases as p
gets larger with a relatively weak intraspecific density
effect on the host (small f) (Fig. 12(c)), whereas it increases
in terms of p with a sufficiently strong intraspecific
density effect (large f) (Fig. 12(b)) or with a sufficiently
large probability of parasitism (Fig. 12(d)). Indeed,
the probability of parasitism in model (4) is always
larger than that in model (10) for any positive value
of k.
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Fig. 9. Temporal variation of host and parasite populations before and after the initiation of harvesting operation. = 0.75; 0 = 0.5; f(p) = 0. (a) A = 2.5.
The harvesting starts at = 100 with p = 0.2. The previous equilibrium state shifts to another with the larger host population and the smaller parasite one.
(b) 2 = 5.0. The harvesting starts at = 100 with p = 0.3. Chaotic (quasi-periodic) variation changes to the convergence toward an equilibrium state after

the initiation of harvesting.
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Fig. 10. p-Dependence of the time-averaged population density of the host and the parasite at the limiting state. Dashed curves indicates the range of the

temporally variable limiting state. f = 0.75; 2 = 5.0; 0 = 0.5; f(p) = 0.
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Fig. 11. Bifurcation diagram of the host and the parasite populations in terms of p for system (9). Numerically drawn with = 0.75; 2 = 20.0; 0 = 0.5;

f(p)=0.

As shown in Figs. 7, 8, 10 and 11, as the equilibrium
parasite population density P* gets smaller with the
stronger harvesting (the greater p), the equilibrium host
population density H* becomes larger toward the carrying
capacity determined by a specific value of p, only below
which the parasite can coexist with the host. For p greater
than the specific value, the parasite goes extinct due to the

harvesting while the host survives until another critical
value of p beyond which the host goes extinct. In contrast,
as shown by Fig. 12, this is not always true for the model
with a negative binomial distribution for the successful
parasitism probability, given by (10). The depression of the
equilibrium parasite population size P* does not necessa-
rily lead to the (paradoxical) increase of the equilibrium
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b

95

p

Fig. 12. Bifurcation diagram of the host and the parasite populations in terms of p for system (10). (a) f = 0.75; k = 0.2. (b) f = 0.75; k = 0.8. (c) = 0.1;

k=0.8.(d) p=0.1; k =0.95. Commonly 1 =2.5; 0 =0.5; f(p) = 0.

host population size H*. These results suggest that the
strong parasitism and the strong host density dependence
would be likely to enhance the emergence of the paradox.

5. Conclusion

In our model, in the absence of the parasite, the
equilibrium host population density necessarily decreases
as the harvesting intensity p gets larger. In contrast, at the
coexistence equilibrium with the parasite, the harvesting
necessarily makes the equilibrium host population density
larger, while it makes the equilibrium parasite population
density smaller. We analytically proved that such a
paradoxical increase of the equilibrium host density occurs
even when the harvesting does not directly affect the
parasite population at all. This result suggests that such a
paradox would not be necessarily caused by the reduction
of the parasite (natural enemy) population due to the
harvesting itself, for example, by a pesticide. The host
population is reduced at the moment of harvesting, and
simultaneously the intraspecific density effect is weakened.
At the same time, the decrease of the host density causes
the reduction of the net reproduction rate of the parasite
(Fig. 13). In our model, the parasite population eventually
decreases under the repetitive harvesting operation targeted
to the host. If the reduction of the parasite’s reproduction
rate would be so serious that the parasite population
cannot compensate it with parasitizing the surviving host
population, the paradox could emerge.

1.1

0.9

0.8

0.7

110 120 130
t

80 90 100 140

Fig. 13. Temporal variation of the net per capita reproduction rates of
host and parasite populations before and after the initiation of harvesting
operation for (4). 2 =2.5; f=0.75; 6 =0.5; f(p) =0. The harvesting
starts at k = 100 with p = 0.2.

As seen for model (10) with the negative binomial
distribution of the successful parasitism probability, the
host population density decreases by the harvesting when
the intraspecific density effect of the host is sufficiently
weak. Therefore, one of the essential factors to cause the
paradox would be the relaxation of the host’s tense
intraspecific density effect by the harvesting. Moreover,
since the paradox could occur for the sufficiently large
parasitism probability for (10), the emergence of the
paradox would depend on the intensity of parasitism.
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In the case of strong parasitism, the decrease of the host
population by the harvesting would significantly reduce the
parasite’s reproductive success and eventually make the
equilibrium parasite population density smaller, which
could subsequently enhance the increase of the host
population density.

We conclude that a combined effect of the reduction of
the host’s intraspecific density effect and that of the
parasite’s reproduction rate could enhance the emergence
of the paradox. Therefore, the emergence of the paradox in
the pest control would not necessarily require the direct
effect on the enemy population, the appearance of some
pesticide-resistance or the pest hormesis. The purely
ecological balance in the native population dynamics may
do cause it, as Huffaker et al. (1976) emphasized the
importance of ‘“balance of nature” and “‘density-depen-
dence” which regulates the populations in the system
involving the pest. For the pest control, the native
ecological interactions are important as the key factors to
determine the success/failure of additional control opera-
tion on the system. Therefore, in this reason, some
integrated pest management (IPM) designed case by case
would be necessary for the practical pest control (Murdoch
and Briggs, 1996; Perkins, 1982; Plant and Mangel, 1987;
Stern et al., 1959; Takagi, 1999; Tang et al., 2005).

As numerically demonstrated in this paper, the model
with a negative binomial distribution for the successful
parasitism probability, given by (10), presents an open
problem about the consequence of the effect combined the
parasitism and the host density dependence: the emergence
of paradoxical increase of host equilibrium density by
harvesting. As Beddington et al. (1975) and May et al.
(1981) discussed, some combined effect leads to stabilize
the coexistence equilibrium, which is relied less on the host
density dependence in case of the negative binomial model
(also see Hassell, 2000b): The negative binomial model can
depress the host well below its carrying capacity without
making the coexistence equilibrium unstable. Therefore,
according to results of our model with the effect of
harvesting, the reduction of the parasite’s reproduction
rate due to the harvesting would play a principal role to
cause the paradox, although this is still a conjecture to be
investigated. The negative binomial model would be
interesting to be analyzed more detail. However, the main
purpose of this paper is to show clearly the theoretical
possibility of the emergence of paradox only by the native
ecological interaction, and we have not entered deeper into
the analysis of the negative binomial model. In fact, we
have already gotten some mathematical results about the
condition for the occurrence of paradox in a more general
framework of host—parasite model, including the negative
binomial model, and are preparing to present it elsewhere.
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Appendix A. Proof of Theorem

As for the equilibrium (H*, P*) of (4), we have the
following equations to determine H* and P*:

1
In ) = (1 = i1 = = 0 {1 = g
% 1 %
B LU (A1)
where

T(H)—Ml_p){1+ﬁH*+1+ﬁ(l—p)H*}'

From (A.1), we can obtain

_OH* _1[0()df | R(2)
A e B {S(z)& S(z)} (A2
and
P V() WEdf
oot Op UG T Uk dp’ (A-3)

where z =[e”""],_, and

0(z) = M1 — 0)z(Jz — 1)(z — 1),
S(z) =242 — O+ 1)z -,

R(z) =1 = 0)(Az— D)U(z) — 2zV(2),

U(z) =z(Zz—1) = B,

(Az — 1)?
5

From (A.1), we can easily find that z satisfies the following
equation:

Y(z) =z — 1)1 —2)+ flnz =0.

Vizy=Az—f—-1, W(E)=(1-0)

(A.4)

The equation U(x) = 0 has a unique positive root X< 1
when (H*, P*),_, of (6) exists, that is, when A>f+ 1.
Making use of U(X)=0, we can find that Y(x) is
monotonically increasing in terms of 4. Further, we can
easily prove that ¥/(X)|;=1;4 = 0 since X|,_p;; = 1. There-
fore, Y(x)>0 for 2>1+ . Hence, we find that z<Xx<1.
This means that U(z)<0. In addition, from (A.4), we can
easily find that V(z)>0. Since W(z) is always positive,
these results prove that (A.3) and R(z) are negative.

On the other hand, Q(z) is negative because 1 /A<z<1 as
easily seen from (A.4). The equation S(x) = 0 has a unique
positive root x' <1 whenever (H*, P*), exists. We can
easily find that S(z)<O0 if and only if z<x'. At the same
time, from (A.4), we note that y(x) >0 for any x such that
z<x<1, and that y(x) <0 for any x<z. Thus, if y(x")>0,
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then z<x <1, so that S(z)<0. Making use of S(x") =0,
we have

W) (A—1Dx—28x" 4+ B
oL 4xT — 1 —1 ’

The numerator of (A.5) is positive for any x since
A>p+ 1. The denominator of (A.5) is also positive,
because S((4 + 1)/42)<0 so that (4 + 1)/(44)<x". There-
fore we have dy(x")/04>0 for A>p+ 1. We can easily
prove that Y(x"),—5; = fInxT|,_5,; = 0. Thus, we now
have y(x")>0 for 2> + 1. Lastly, we find z<x <1. This
means S(z) <0. At last, (A.2) is positive for 1> ff + 1. These
arguments prove the theorem.

(A.5)

References

Beddington, J.R., 1975. Mutual interference between parasites or predators
and its effect on searching efficiency. J. Anim. Ecol. 44, 331-340.

Beddington, J.R., Free, C.A., Lawton, J.H., 1975. Dynamic complexity in
predator—prey models framed in difference equations. Nature 255,
58-60.

Beverton, R.J.H., Holt, S.J., 1957. On the Dynamics of Exploited Fish
Populations. Fishery Investigations II, London.

Cohen, E., 2006. Pesticide-mediated homeostatic modulation in arthro-
pods. Pestic. Biochem. Physiol. 85, 21-27.

DeBach, P., Rosen, D., Keffett, C.E., 1971. Biological control of coccid by
introduced natural enemies. In: Huttaker, C.B. (Ed.), Biological
Control. Plenum Press, New York, pp. 165-194.

Gerson, U., Cohen, E., 1989. Resurgence of spider mites (Acari:
Tetranychidae) induced by synthetic pyrethroids. Exp. Appl. Acarol.
6, 29-46.

Godfray, H.C.J., 1994. Parasitoids: Behavioral and Evolutionary Ecology.
Princeton University Press, Princeton, NJ.

Gurney, W.S.C., Nisbet, R.M., 1998. Ecological Dynamics. Oxford
University Press, Oxford, New York.

Hajek, A.E., McManus, M.L., Delalibera Jr., 1., 2007. A review of
introductions of pathogens and nematodes for classical biological
control of insects and mites. Biol. Control 41, 1-13.

Hardin, M.R., Benrey, B., Coll, M., Lamp, W.O., Roderick, G.K.,
Barbosa, P., 1995. Arthropod pest resurgence: an overview of potential
mechanisms. Crop Prot. 14, 3—18.

Hassell, M.P., 2000a. Host—parasitoid population dynamics. J. Anim.
Ecol. 69, 543-566.

Hassell, M.P., 2000b. The Spatial and Temporal Dynamics of Host—Par-
asitoid Interactions. Oxford Series in Ecology and Evolution. Oxford
University Press, Oxford.

Hassell, M.P., May, R.M., 1973. Stability in insect host—parasite models.
J. Anim. Ecol. 42, 693-726.

Hochberg, M.E., Anthony, R.I. (Eds.), 2000. Parasitoid Population
Biology. Princeton University Press, Princeton.

Huffaker, C.B. (Ed.), 1980. New Technology of Pest Control. Wiley-
Interscience, New York.

Huffaker, C.B., Simmonds, F.J., Laing, J.E., 1976. The theoretical and
empirical basis of biological control. In: Huttaker, C.B., Messenger,
P.S. (Eds.), Theory and Practice of Biological Control. Academic
Press, New York, pp. 41-78.

Ito, Y., Miyashita, K., Sekiguchi, K., 1962. Studies on the predators of the
rice crop insect pests, using the insecticidal check method. Jpn. J. Ecol.
12, 1-11.

James, D.G., Price, T.S., 2002. Fecundity in two spotted spider mite
(Acari: Tetranychidae) is increased by direct and systemic exposure to
imidacloprid. Ecotoxicology 95, 729-732.

Lane, S.D., Mills, N.J., Getz, W.M., 1999. The effects of parasitoid
fecundity and host taxon on the biological control of insect pests:
the relationship between theory and data. Ecol. Entomol. 24,
181-190.

Luckey, T.D., 1968. Insecticide hormoligosis. J. Econ. Entomol. 61,
7-12.

May, R.M., Hassell, M.P., Anderson, R.M., Tonkyn, D.W., 1981. Density
dependence in host—parasitoid models. J. Anim. Ecol. 50, 855-865.
Metcalf, R.L., Luckmann, W.H. (Eds.), 1975. Introduction to Insect Pest

Management. Wiley-Interscience, New York.

Moran, P.A.P., 1950. Some remarks on animal population dynamics.
Biometrics 6, 250-258.

Morse, J.G., 1998. Agricultural implications of pesticide-induced hormesis
of insects and mites. Hum. Exp. Toxicol. 17, 266-269.

Murdoch, W.W., Briggs, C.J., 1996. Theory for biological control: recent
developments. Ecology 77, 2001-2013.

Nicholson, A.J., Bailey, V.A., 1935. The balance of animal populations.
Proc. Zool. Soc. London 3, 551-598.

Perkins, J.H., 1982. Insects, Experts, and the Insecticide Crisis. Plenum
Press, New York.

Plant, R.E., Mangel, M., 1987. Modeling and simulation in agricultural
pest management. SIAM Rev. 29, 235-261.

Ricker, W.E., 1954. Stock and recruitment. J. Fish. Res. Bd. Can. 11,
559-623.

Seydel, R., 1994. Practical Bifurcation and Stability Analysis: From
Equilibrium to Chaos, second ed. Springer, New York.

Stern, V.M., Smith, R.F., van den Boszh, R., Hogan, K.S., 1959. The
integrated control concept. Higardia 29, 8§1-101.

Takagi, M., 1999. Perspective of practical biological control and
population theories. Res. Popul. Ecol. 41, 121-126.

Tang, S., Xiao, Y., Chen, L., Cheke, R.A., 2005. Integrated pest
management models and their dynamical behaviour. Bull. Math. Biol.
67, 115-135.



