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1 Assumption and Modeling

1.1 Environment and Population Structure

Territory is defined as any defended area. Territorial individual tries to defend
its territorial area against every mon-territorial invaders. We consider a closed
population of size N. We assume that each individual of the population could
choose its behaviour to have its own territory or alternatively to remain as an
outsider without any territory, that is, as a non-territorial. The behavioral
choice of each individual is assumed to depend on the amount of resource is
expected to be gained by the chosen behaviour.

We assume some difference in quality among individuals, for example, in
terms of the body size. Such qualitative difference determines the relative rank
of each individual in the considered population. We define the set €2,, of ranks
of n territorial individuals as follows:

Q={wi|i=1,2,...,n; w; <w; for i <j},

where w; is the rank of territorial individual which has the 7 th rank relative
in the territorial subpopulation. Similarly, we define the set I'; of ranks of [
non-territorial individuals as follows:

Uy ={vli=1,2,--1; v <n; for i <j},

where ~; is the rank of non-territorial individual which has the ¢ th rank rel-
ative in the non-territorial subpopulation. From these definitions, N = n + [.
For mathematical convenience, we define the set of all ranks in the considered
population by

Ey=Q,Ul} = {1,2,...,N}.

If an individual could expect to get more resource with keeping its territory,
it is more beneficial for the individual to keep its territory. Alternatively if an
individual could expect to get more resource without having a territory, it is
more beneficial that the individual should not keep territory.

However, the number of territories is assumed to be not beyond 7,4, so that
it is not always possible that all individuals that want to be territorial could
have their territories. Any individual that chooses its behaviour to have its
territory from the viewpoint of expected amount of resource gain could have its
territory as long as the number of territorial sites, nmyq2, could afford it, that is,
only if the number of individuals which choose to have their territories is less
than n,,.,. We assume that, if the number of the individuals for which it would
be more beneficial to keep territory is beyond 1,4, the individuals of relatively
higher ranks among them can have their territories.

Non-territorial individual is assumed to choose its behaviour to be aggressive
such as to try to invade some territories, or alternatively to be non-aggressive
without trying to invade any territory. This behavioral choice by the non-
territorial depends on the expected amount of resource which it expects to
obtain.



We define the set A7 of ranks of m aggressive non-territorial individuals
which try to invade one of n territories in 2, as follows:

AG, = {Nli=1,2,--m; A < Ny for i<},

where )\; is the rank of aggressive non-territorial individual which has the i
th rank relative in the aggressive non-territorial subpopulation. The behavioral
choice of non-territorial would significantly depend on the existence of territories
and on the composition of €2,,.

1.2 Struggle for Resource in Territory

We assume that the aggressive non-territorial tries to invade one territory per
unit time, and that each aggressive non-territorial selects at random the territory
which it tries to invade. We ignore any struggle among territorials and among
non-territorials. When a territorial succeeds in defending its territory against
aggressive non-territorials, any of the aggressive non-territorials could not get
any resource of the territory. On the other hand, when a territorial fails to
defend its territory against agressive non-territorials, any of them succeeds in
its invasion and gets some resource of the territory.

The amount of resource that the aggressive non-territorial of rank A; could
successfully get per unit time from the territory of the territorial of rank w;,
fwin;» 1s assumed to have the following natures:

Joini 2 o for Xp < Ai; (1)

Jown; < oy for wp <wp. (2)

The former (1) means that the aggressive non-territorial of lower rank could get
smaller amount of resource of the territory than that of higher rank could. The
latter (2) means that the aggressive non-territorial could get the larger amount
of resource from the territory of lower rank than from that of higher rank.

1.3 Cost for Struggle

Cost for the territorial of rank w; in order to defend its territory against a
subpopulation of k aggressive non-territorials, Ly (C A{ ), is now denoted by
Cy,(Li) as an w;-depending function of Ly, assumed to satisfy the following:

Co,(Li) < Cu,;(Lg) for w; <wj. (3)

This feature of C,, (L) means that the territorial of lower rank should pay
the larger cost than that of higher rank should. If there is no aggressive non-
territorial for the territory of rank w;, that is, when Ly = (3, the territorial does
not have to pay the cost for defence, so that C,,,(Lg) = 0. Further, the following
nature of the cost for territorial is assumed for any additional aggressive member
g1

Cun (Li) < Cy (L U {lis}). (4)



This reflects the increasing nature of cost in terms of the number of aggressive
non-territorials which try to invade the territory.

Moreover, we assume that, if Ly = {l;]j = 1,2,- - -, k} is different from L} =
{317 =1,2,-- -, k} only about a specific member of relative rank ¢ as follows:

lj=1; for Vj#gq, and I, <,

then,
Ci(Ly) > Ci(Ly,). (5)
The amount of cost depends in general not only on the number of the aggressive
non-territorials k£ but also on the composition of their ranks. Generally speaking,
as the member includes the aggressive non-territorial of higher rank, the cost
gets larger.
On the other hand, each aggressive non-territorial is assumed to have to pay
a cost for trying to invade the territory. We denote by d,,;,x; the cost for the
aggressive non-territorial of rank \;, which tries to invade the territory of rank
wj, assuming that
e 2, S doyn, for A < g (6)

dwk,kj Z dwl,)\j fOI' wk < (.(Jl, (7)

where the former (6) means that the aggressive non-territorial of lower rank
should pay larger cost than that of higher rank should. The latter (7) means
that the aggressive non-territorial should pay larger cost for trying to invade
the territory of higher rank than that of lower rank.

1.4 Probability of Invasion Success

Probability that a subpopulation consisting of k aggressive non-territorials,
Li(C AZ ), succeeds in the invasion into the territory of rank w; is now denoted
by an w;-depending function of Ly, P, (L), assumed to satisfy the following:

P, (Ly) <P, (Ly) for w; <w;j. (8)

This feature means that the territory of lower rank is more likely to be suc-
cessfully invaded by the aggressive non-territorials Ly than that of higher rank
is.

Moreover, with the argument similar to that for (5) about two aggressive
non-territorial subpopulations Ly and Lj, we assume the following:

where Ly and Lj, are defined same as before. The probability of invasion success
depends in general on the members of L. As the subpopulation Lj includes
the individual of higher rank could, the invasion success would be more likely
to occur. Further, the following nature is assumed for any additional aggressive
member g 1:

P, (Li) < Po, (L U {li41})- (10)
This means that, as the number of aggressive non-territorials which try to invade
the territory increases, the invasion success would be more likely to occur.



1.5 Expected Resource Gain for Territorial Individual

When the territorial individual of rank w; does not need to defend its territory,
the expected amount of resource gotten by it is assumed to be kt’f not beyond
Tw,;, where 7, is the total amount of resource within the terrltory kept by the
territorial of rank w;. It is assumed that the territorial does not necessarily
occupy the whole amount of resource in the territory. The resource amount k‘f}
is in general a decreasing function of w;. That is, the individual of lower rank
could get the resource less than that of higher rank, even if it has its territory.
At first, we consider the case when only one territory of rank i exists:

& = {ih
o1 = {1,2,...,i—1,i+1,...,N}.

In this case, since there is only one territory for the aggressive non-territorials
to try to invade, the territorial of rank i needs to defend its territory from all the
aggressive non-territorials A7} {ip provided that there would exist a subpopulation
AT i of aggressive non-territorials. Hence, the territorial of rank ¢ has to pay
the cost Cy( {Z}) So, the expected amount K!"( ’{71}) of resource gotten by the
territorial is expressed as follows:

K" (A7) = ki — Ci(AT:). (11)

Next, when there are n (> 1) territories, the expected amount of resource
gotten by each territorial depends on which aggressive non-territorials come to
try to invade its territory. The number of combinations of k individuals out of
Ag is 5, Cr = m!/{(m=k)!k!}, provided that there would exist a subpopulation

&, of aggressive non-territorials. The probability that each aggressive non-
territorial chooses to try to invade the territory of rank w; is 1/n, because
the random choice of territory for the aggressive non-territorial is assumed.
Therefore, the probability that only & aggressive non-territorials out of A¢
choose to try to invade the territory of rank w; is given by

(Y- a2

If k aggressive non-territorials choose to try to invade the territory of rank w;,
the ezpected amount of cost that the territorial should pay is

Z Cw7 Lk (13)

LkCAm

where the sum is taken over the possible combinations of Ly C A¢ .

From (12) and (13), the expected amount of cost that the terrltorlal of rank
w; should pay for the defence of its territory is calculated by the sum in terms
of the number k of aggressive non-territorials, and lastly the expected resource



gain for the territorial of rank w; becomes

m 1 k 1 m—k 1
tr m _ tr - -
Ko (Ag,) ko Z mCr <n> (1 n) mCr Z Cu: (L)

=0 LyCAg:

kf;;—i S (L) (i)k(pi)m_k. (14)

k=0 Ly CAgln

1.6 Expected Resource (Gain for Non-territorial Individ-
ual

Out of territorial region, the expected amount of resource gotten by the non-
territorial of rank ~;, kz;ft(Fl), is assumed to be a 7;-depending function of I';,

satisfying the following:
Z k'(;?t(rl) =R— Z Tws (15)
v €L w; €Ny

where R is the total amount of resource in the whole habitat region inhabited
by the considered population. This means that all the resource out of territorial
region is utilized by the non-territorial subpopulation. This does not indicate
that the resource utilization of non-territorial would be effective, but does that
there exists relatively scarce resource out of the territorial region.

The amount kg?t(f‘l) is assumed in general to be a decreasing function of
v;j, because the non-territorial individual of lower rank could get the smaller
amount of resource out of territorial region than that of higher rank could. In
addition, we assume the following nature of k?y_;‘t(I‘l) for any additional rank +':

kST > kg (Tru{y'}) (16)

This is because the increase of the number of non-territorials causes the smaller
share of resource for each non-territorial out of territorial region.
Especially when there exists no territory in the habitat region, the following

must be satisfied: N

> k() = R.

j=1
The expected amount of resource for the non-aggressive non-territorial of rank
;s K97 (1), is given by
Ko (1y) = K2(Ty). (17)
When there is no territory in the habitat region, the expected amount of

resource gotten by the aggressive non-territorial of rank A;, KX;_‘H(AQ”L), is as-
sumed to be

KQUAD) = K (Ew)
= KS(EN) = KUEN), (18)



because the aggressive non-territorial has indeed no difference from the non-
aggressive one with respect to the behaviour in this case. However, when there
exists some territories, the aggressive non-territorial could get some resource
also from a territory if it succeeds in the invasion, although it needs to pay a
cost in order to try to invade it.

When there is only one territory of rank 4, all the aggressive non-territorials
try to invade the unique territory. Suppose that there is the subpopulation A”;}
of m aggressive non-territorials. Then, all the members of A7}, try to invade the
territory of rank ¢ without any choice. Hence, the expected amount of resource
gotten by the aggressive non-territorial of rank A; (€ A?Z?}) can be obtained as
follows:

Pi(ATy) (finy —diny) + (1= Pi(AT3)(0 — dix) = Pi(ATjy) fin, —din,- (19)

This is because the aggressive non-territorial could get the amount of resource
Jix; — di,; from the territory of rank i if the invation is successful with proba-
bility P; (Af{’;}), and otherwise it just loses the cost d; »;. Therefore, when there

is only one territory of rank 7, the expected amount K;;‘H'( f{’;}) of resource

gotten by the aggressive non-territorial of rank A; is
Kf\)?H( Ty) = B (Cnet) + Pi(AT) fin, = diye (20)

When there are n (> 1) territories, we at first consider the probability that a
subpopulation which is composed of an aggressive non-territorials of rank \; (€
A ) and the other k aggressive non-territorials, that is, L, U {\;} (C Ag ),
tries to invade the territory of rank w;. With the argument similar to that for
(12), the probability is obtained as follows:

e (D)) -

In this case, the probability that the subpopulation Lj U {\;} succeeds in in-
vading the territory of rank w; is expressed by P, (Ly U {\;}). Similarly as for
(19), when the subpopulation L U {X;} tries to invade the territory of rank w;,
the expected amount of resource gotten by the aggressive non-territorial of rank
)\j is

Pwi (Lk U {Aj})fwi-,)\j - dwi7>\_7" (22)
So, from (22), the expected amount of resource gotten by the aggressive non-
territorial of rank \; when it tries to invade the territory of rank w; with the
other k aggressive non-territorials can be expressed by

1
C Z [Pwi (L’f U {/\j})fwi)\j - dwi7)\j]7 (23)
IR LA A}

where the sum is taken over all the combinations of k aggressive non-territorials
except for A;. From (21) and (23), with the argument similar to that for (14),



when the aggressive non-territorial of rank A; tries to invade a territory, the
expected amount of resource gotten by the aggressive non-territorial of rank A;
from the territory can be obtained as follows:

m—1 1 k 1 (m—-1)—k
" 2 Em*c’“ () (-3)

Z [Pwi (Lk U {/\j})fwi7/\j - dw'h)\j]

LeCAZ \{}

—_

[

@M
M
(]

n k=0 Ly CAR \{\]

1 k 1 (m—1)—k
{Pwi (Lk U {Aj})fw'h)\j - dwi7)\j} <n) <1 1 >

S Y R <%)k<1—i)(mw

wi€n k=0 LrCAZ \{X;}

3 eafEra )

S|

)(ml)k}
wZEQ

1 m—1 1 k 1 (m—1)—k
SEDIEZID S Sy AT E (RS

Wi € k=0 Ly cAz \{\}

—{dx; ). (24)

where carried out is the sum in terms of the rank w; of territorials which the
aggressive non-territorial of rank A; tries to invade. Since the aggressive non-
territorial is assumed to select at random the territory which it tries to invade,
the probability that a territory of €2, would be selected by an aggressive non-
territorial is 1/n. In the above, we denote by (dy,)q, the average cost that the
aggressive non-territorial of rank A; should pay for trying to invade a territory:

1
>Qn = ; E dw,;,A_,w
Wi €Ny

Lastly, from (24), the expected total amount of resource gotten by the ag-
gressive non-territorial of rank \; is obtained as follows:

K (Ag,) =
RSU(TL)

=D ST SIS VN RIATEN) (;)k(l_i)"”‘”"“

w; €Qyp k=0 LkCAgn\{)\j}
—(dx;)0, (25)
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2 Analysis
2.1 What Condition Makes No Territory Established?

We focus the condition with which no territory would be established from the
viewpoint of optimal behaviour. At the beginning, we consider the case when
only one territory of rank ¢ exists in the habitat region:

Q1 = {i};
Py ={1,2,...,i—1,i+1,....,N}.

We consider at first the combination of members of Ag} which is a subpopulation
of non-territorials that choose to try to invade the territory of rank i from the
viewpoint of the expected amount of resource gain.

Suppose that the subpopulation of aggressive non-territorials would be sta-
tionarily established, that is, suppose the stationary state, which means that
any non-aggressive non-territorial does not choose to change to the aggressive
one from the viewpoint of the expected amount of resource gain, while any
aggressive non-territorial remains as it is. We denote the number of aggres-
sive non-territorials at such stationary state by m; in the case when only the
territory of rank 7 exists.

Firstly, we can obtain the following lemma with respect to the existence of
m} (Appendix A):

Lemma 1. If and only if the following condition is satisfied, there exists
a AZ} which is a subpopulation of non-territorials that try to invade the
existing unique territory of rank i:

Pi({)‘l}))fi)q — di,>\1 > 0. (26)

With the arguments given in Appendix B, we can determine the elements of
Agi at the stationary state with the following two lemmas:

Lemma 2. Suppose that there exists only one territory of rank 7. If the
m;

condition (26) is satisfied, and A (i} 18 not vacant, then

A

{7

= A Aoy A )

sk

This means that, if A?ﬁ is not vacant, it is composed of individuals from the
highest rank to the m} th in the non-territorial subpopulation.

11
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Lemma 3. Suppose that there exists only one territory of rank i, and
the condition (26) is satisfied. Then, if and only if

Pi(FN—l)f'iKYN—1 - di»"/N—l >0,
all the non-territorials would be aggressive, that is, m; = N —1. In contrast,
if

Pi(Tn-1)fin -1 — diyn-—1 <0,

the subpopulation A?Zi of aggressive non-territorials which try to invade the
territory of rank 7 at the stationary state satisfies the following conditions:

Pi(AT{%,)fimn;_di,'ym; > b

PZ(AT{TZ, U {’7mf+1})fi"‘fm;‘+1 - di,’Ym;Url < 0

then there exists a m} such that 1 <mj; < N — 1.
N J

Further, with the arguments given in Appendix C, we can prove the following;:

Lemma 4. Suppose that there exists only one territory. If there exists a
subpopulation of aggressive non-territorials at the stationary state, then as
for the number of aggressive non-territorials, m; for the territory of rank
i, and m} for that of rank j, the following holds:

mfgm; for i < 7.

N J

This lemma means that, when there exists only one territory in the habitat

region, the number of aggressive non-territorials at the stationary state increases
as the rank of the unique territorial individual becomes lower.

On the other hand, from (11), when only the territory of rank i exists, the

*
my

expected amount K" (A {i}) of resource gotten by the territorial at the stationary

state is i .
m; m;
KIM(AT) = KT — Gi(AT). (27)
From (18), when ‘there is no territory in the considered habitat region, the
expected amount K¢“! of resource gotten by the individual of rank i is

K"(En) = k" (En)- (28)

If K" (Ar{ﬁ) < K{"'(Zx), the territorial individual of rank i should stop keeping
the territory and change to a non-territorial from the viewpoint of the expected
amount of resource gain.

With the above lemmas, (27) and (28), we can obtain the following proposition
about the necessary condition that no territory is established at the stationary

state within the considered population:

12
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Proposition 1. When there exists no territory in the habitat region, if
(26) and the following condition are satisfied for Vi € Zy, the state with
no territory is stationary:

BT — K (EN) > Ci(AT).

o /

In addition, with the arguments in Appendix D, we can derive the following

corollary about the nature of cost C; ( ) for the unique territorial of rank ¢
at the stationary state:

Corollary. C;(A {zi}) is an increasing function of rank ¢ of the unique ter-
ritorial.

From Proposition 1, we can make some more detail arguments with some
additional assumptions. First, we consider the case when k!" — k?“(Ey) is a
decreasing function of rank ¢. This means that, as the rank ¢ becomes lower,
k!" decreases more steeply than k9“*(T'x) does. In this case, from Corollary, if

k kout( N) > Ci(A {1}) (29)

the condition of Proposition 1 is satisfied, so that there exists no territory at
the stationary state.

Second, we consider the case when k" — k¢“'(Zy) is a constant independent
of rank 7. In this case, if condition (29) is satisfied, the condition of Proposition
1 is also satisfied, and there exists no territory at the stationary state.

Third, we consider the case when k!" — k?%/(Zy) is an increasing function
of rank 7. This means that, as the rank ¢ becomes lower, k?“*(Zx) decreases
more steeply than k" does. In this case, if the condition (29) is satisfied and
kir — kN (EN) = C’,(AZ;) would not be realized for any i (= 2,3,...,N), the
condition of Proposition 1 is satisfied, so that there exists no territory at the
stationary state. Since the functions k!" — k“*(Zy) and C; ( ;}) increasing in
1 take their maximal values at ¢ = N, if

K — k§"(Ew) > On (A7),

Proposition 1 holds and no territory is established at the stationary state.
Moreover, we consider the case when k" — k?“*(Zy) is an unimodel function.

Then, if its maximum is less than C’l(A{l}), the condition of Proposition 1 is
satisfied, so that there exists no territory at the stationary state.
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2.2 When Could The Stationary State with Some Terri-
tories Not Be Realized?

We consider the condition with which a state with some territories would not
be stationary from the viewpoint of optimal behaviour. At first, we suppose the
following state:

Qn = {w17w27"'7wn};
= {vv..nh
AT = A Age e Ame )

For a given €,,, we here suppose that A’{{: is uniquely determined as a stationary
state for the non-territorial subpopulation in the sense mentioned in the previous
section.

For our mathematical model, if the following is satisfied for dw; € £, the
considered state is not stationarily maintained:

K5 (AG)) < KZUH(AG, U{wi}) for Jw; € Q. (30)

Then, from Appendix E, we can obtain the following proposition about the
necessary condition that satisfies (30), when the state with any territories could
not be stationarily realized:

Proposition 2. If the following condition is satisfied, the stationary state
with any territories could not be stationarily realized:

k‘ir < k?\}Lt(EN> + Pl({N})fl,N r— dl,N-

This proposition means that, if the expected resource gain for the territorial of
rank 1 without defending its territory is less than the expected resource gain
gotten by the aggressive non-territorial of rank N trying alone to invade the
territory of rank 1, the stationary state could not be stationarily realized.
Now, we consider the case when the difference in quality among individuals
is small. This case would be realized when the size of cosidered population is
sufficiently large, because the struggle for the survival and the growth would
be so hard that the individual of highest rank could not have had any large
advantage related to the difference of quality. In such a case, when the popula-
tion size is sufficiently large, compared to when the population size is relatively
small, ¥} and k3" (=) might be relatively small, because the large population
size makes the resource share out of the territorial region small. In contrast,
Py ({N}) fi,n —d1 n could be relatively large, because the small difference among
individuals in quality could cause the relatively large probability of successful
invasion of non-territorials into the territory with the relatively small cost for
the invasion. Therefore, we conjecture that Proposition 2 might be more likely
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to hold for the sufficiently large population, and the territory might be hard to
be stationarily established.

On the other hand, in case of sufficiently small size of population, the differ-
ence among individuals in quality would be small, too, because the struggle for
the survival and the growth could be rather weak, and each individual could
grow with relatively high quality. Since the population size is sufficiently small,
the difference between k{" and k%**(Zn) would be rather small because the non-
territorial could get a relatively large resource share out of the territorial region.
On the other hand, P;({N})f1 n —di,n could be relatively large because of the
relatively small difference in quality. So, the same as for the previous case, also
for the case of sufficiently small size of population, we conjecture that Propo-
sition 2 might be more likely to hold, and the territory might be hard to be
established.

Along the above arguments, in case of some intermediate size of population,
the difference among individuals in quality could be relatively large, so that
Pi({N})fi,n — di,ny would be relatively large. Therefore, for the case of some
intermediate size of population, we conjecture that Proposition 2 might be hard
to hold, and the territory might be more likely to be established.

2.3 Case With No Quality Difference Among Individuals

In this section, with some detail mathematical assumptions and concrete formu-
las for the probability of successful invasion and the cost for territory defense, we
numerically analyze our mathematical model of the case when the individuals
have no difference among them, that is, when the ranks could not exist among
them.
When the number of territorials is n, and that of non-territorials [, we assume

a frequency q of aggressive non-territorials in the non-territorial subpopulation.
Then, the number of aggressive non-territorials is given by gl. Probability that
non-territorials succeed in invading a territory is now assumed to be given by

POL itk <a,

P(k) = e
Po if k> ac,

where the probability depends on the number of territorials, n, and that of ag-
gressive non-territorials, k, which try to invade the territory, because there is
no difference among individuals in their quality (Fig. 1). po is the maximum
probability that non-territorials succeed in invading the territory, which is re-
alized when aggressive non-territorials more than a. try to invade a territory.
Since we assume that each aggressive non-territorial chooses at random a ter-
ritory to invade per unit time, the mean number of aggressive non-territorials
per territory is gl/n.
Cost that the territorial should pay for the defence of its territory is now
assumed to be given by
C(k) = ck, (31)
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Figure 1: Probability that non-territorials succeed in invading a territory. It depends
on the number of territorials, n, and that of non-territorials, k, which try to invade
the territory. po is the maximum probability that non-territorials succeed in invading
the territory, which is realized when aggressive non-territorials more than a./q try to
invade a territory.

where ¢ is a positive constant that means the cost for territory defence against
one aggressive non-territorial. Cost for territory defence is assumed to depend
only on the number of aggressive non-territorials which try to invade the terri-
tory.

Now, since there is no difference among individuals, non-territorials evenly
share the resource out of territorial region with each other, so that the expected
amount of resource gotten by a non-territorial out of territorial region is given
from (15) by

R—mn

R = == (32)

where, as defined before; R is the total amount of resource in the whole habitat
region, and r is the total amount of resource within the territory.

Both the expected amount f of resource that each aggressive non-territorial
could get from a territory and the expected cost d that each non-territorial
must pay for trying to invade a territory are assumed to be common among
non-territorials, because there is no difference among individuals.

From (25) and (32), and the above-mentioned assumptions, the expected
resource gain for the aggressive non-territorial, K°“'* (1), is given by

Kout+(ql) — R _l rmn + P <le) f —d. (33)

From (17) and (32), the expected resource gain for non-aggressive non-territorial,
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K°ut=(1), is the following:

R—rn

out— _

(34)

From (33) and (34), the expected resource gain averaged over the non-territorial
subpopulation, K°“(l), is obtained as follows:

KOU1) = qRo (1) + (1 - ) Ko ()

Rom . .p (‘ﬁ) f—qd. (35)

l

From (14), if the expected total amount of resource which a territorial would
lose from its territory due to the successful invasion of non-territorials, P(gl/n) fql/n,
is smaller than r — k", the expected amount of resource gain for the territorial
would be

n

K'"(qh) = k" - C (q‘l) > Y

where k" is the expected resource gain for the territorial with no cost for the
defence of territory. On the other hand, if P(pl/n)fql/n > r —k' the expected
resource gain for territorial would be

K'(gl) == P (%) [E—e (ql) : (37)

n n

In case of (36), the successful invasion of the non-territorials is not expected
to reduce the expected amount of resource gain for the territorial, although, in
case of (37), it is expected to do.

With some mathematical and numerical analyses for K°u!(l) — K'"(ql), we
can see that there could be three possible cases with respect to the stationary
establishment of territory within the considered population.

First case is that the stationary state with some territories could be station-
arily realized. In this case, as shown in Fig. 2, the stationary state with some
territories less than n,,.; would be stationarily realize. In this case, for our
analysis, there could be two kinds of stationary states depending on the non-
territorial frequency, as in the first case (see Fig. 2). One is that there would
exist some territories less than n,,,,. At this stationary state, all the indi-
viduals in the considered population could choose the optimal behaviour with
some established territories less than n,,,;. Another stationary state is that
there could exist no territory. If the non-territorial frequency is smaller than a
critical value corresponding to a in Fig. 2, there could exist stationarily some
territories in the habitat region at the stationary state. On the contrary, if
the non-territorial frequency is beyond the critical value, there could exist no
territory at the stationary state.

Second case is that there could be two kinds of stationary states, depending on
the frequency of non-territorial individuals in the whole population. One is that
there would exist n,q, territorials and the other non-territorials even though
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Figure 2: Dependence of K°“!(I) and K*"(ql) on the non-territorial subpopulation
size [. In this case, if the non-territorial frequency is smaller than a critical value
corresponding to a, the stationary state would be such that nm,.. territories are es-
tablished and there exists some non-territorials for which it is more beneficial to keep
their territories. Otherwise, there could exist no territory at the stationary state.
N =10.4;nmaz = 9.5;7 = 20; k, = 15; f = 10;a. = 0.4;d = 8.

b K*(l)
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Figure 3: Dependence of K°**(I) and K*"(gl) on the non-territorial subpopulation
size . In this case, if the non-territorial frequency is smaller than a critical value corre-
sponding to b, the stationary state would be such that some territories are established
and all the individuals could choose the optimal behaiviour. Otherwise, there could
exist no territory at the stationary state. N = 11.04; Nmaez = 6.25;7 = 205k = 15; f =
10;a. =0.4;d = 8.
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Figure 4: Dependence of K°“!(I) and K (ql) on the non-territorial subpopulation
size [. N = 11.04; Nmax = 9.5;7 = 20; k. = 15; f = 10;a. = 0.4;d = 8.

it would be more beneficial for some non-territorials to keep their territories.
Another stationary state is that there could exist only non-territorials with no
territory in the habitat region. If the non-territorial frequency is smaller than
a critical value corresponding to b in Fig. 3, the stationary state would be such
that n,,.. territories are established in the habitat region. Otherwise, there
could exist no territory at the stationary state.

Third case is that the stationary state with any territories less than n.,,q.
would not be stationarily realize. In this case, the non-territorial could be
always expected to get the larger amount of resource than the territorial could
(Fig. 4).

Further, from the results given in Fig. 5 that shows the (V, 7,42 )-dependence
of occurence of the above-mentioned three cases about the stationary state, we
can conjecture that, for the sufficiently large or sufficiently small population,
the second case mentioned in the above would be more likely to occur than the
others.

We can regard the value n,,q; as an index to reflect the quality of habitat. As
the habitat has the better quality, the value 7,4, gets larger. From the result
given in Fig. 5, we see that, for sufficiently small 7., that is, for sufficiedntly
low quality of habitat, the above-mentioned second case would be likely to occur.
Consequently, the result given by Fig. 5 implies that the territory would be hard
to be established in the sufficiently low quality of habitat, and the population
would contain only non-territorial individuals.
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Figure 5: (N, nmqz)-dependence of the occurence of three cases about the stationary
state. Black painted region corresponds to the case of Fig. 1, Dark meshed region to
that of Fig. 2, Light meshed to that of Fig. 3. Blanked region corresponds to the case
when N < Nymae, which we did not take into account for our modelling consideration.
For detail, see the text. r = 20; k; = 15; f = 10;a. = 0.4;d = 8.
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Appendix A

We assume that there exists only one territory of rank 4 in the habitat region.
From (17) and (20), we can easily prove that, if the condition (26) is satisfied,
the following is satisfied, too:

K5 (En) < K3 ({n}). (38)

This means that, even if no individual of rank lower than the highest would try
to invade the territory, the non-territorial of the highest rank should choose to
try, so that AT{’Z; must be exist if the condition (26) is satisfied.
In contrast, if
Pifnhfim —diy <0, (39)
then
K51 (En) > K5 ({nd),

which means that the non-territorial of the highest rank would not choose to be
aggressive without any other aggressive non-territorials.
From (1), (6) and (9), we can derive the following inequality:

Pi{ve}) firn — diye < Pil{naP) fiqy = diyy for 72 <V <n-g. (40)

Then, if the condition (39) is satisfied, we have

Pi({ve}) firn — diyy <O for 2 <V <yn-1.

This means that no non-territorial would choose to be aggressive without any
other aggressive non-territorials.
Therefore, as long as the condition (39) is satisfied, no non-territorial chooses

*

to try to invade a territory, and Af{’;} can not exist.

Appendix B
Suppose that there exists only one territory of rank i:

Py_1={1,2,i—1,i+1,- N}

We assume that there exists a A’{’;f} at the stationary state. Any of non-
territorials included in Af{’;} gains more resource when it is an aggressive non-
territorial than when it is a non-aggressive non-territorial. Alternatively, any
of non-territorials which is not included in Af{’;} gains more resource as a non-
aggressive non-territorial than as an aggressive non-territorial. We denote by
Aj the lowest rank in Af{’;}. Because A; is included in Af{’;}, the following must
be satisfied:
KT > K9 (Dyoa),
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that is,
Pi(A{y) fin; — dix; > 0. (41)

We now suppose that there would exist a non-aggressive non-territorial of rank
~& higher than A;. From (1), (6) and (10), the following must be satisfied:

Pi(ATyy U ) fin — diyye = Pi(ATy) fin, — diy, - (42)
From (41) and (42), we have
(AT U{ed) fime — diye >0, (43)

which means that the non-territorial of rank v must be aggressive instead of
non-aggressive from the viewpoint of the expected amount of resource gain.
This is contradictionary to the assumption that the non-territorial of rank 4 is
non-aggressive at the stationary state. Consequently, there could not exist such
any rank ; at the stationary state that

m<X and v ¢ AE}.

In other words, at the stationary state, AY}, is composed of non-territorial in-
dividuals from the highest rank to the relatively m th, that is,

A"{?Z} = {71772a e an}

Next, we focus the non-aggressive non-territorials at the stationary state.
Now, let us consider the highest rank -y; of non-territorial which is not included
in A’{’;}. As v; is not included in A?Z?}, the non-territorial of rank «; is expected
to get more resource when it is non-aggressive than when aggressive, so that
the following must be satisfied:

Pi(AT U)oy — di, < 0. (44)

Suppose that there would exist an aggressive non-territorial of rank A\, (€ Af[’;.})
lower than ~;. From (1), (6) and (10), we have the following inequality:

Pi(Aly U{viDfiaw — dine < Pi(ATy Ui iy — digyy- (45)
From (10), (44) and (45),
Pl( T{’i})fmk —d;x, <0. (46)

This_inequality means that the non-territorial of rank Ay (€ Af{’;}) must be
non-aggressive instead of aggressive from the viewpoint of optimal behaviour.
Therefore, the assumption that there would exist an aggressive non-territorial
of rank A lower than «y; is contradictory. Thus, at the stationary state, all of
non-territorials of ranks lower than the highest of non-aggressive non-territorial
must be non-aggressive. Lastly, these arguments have proved Lemma 2.
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With these arguments, we can conclude that, at the stationary state with

AT}, the followings must be satisfied:

Al ={nv2 s
Pi(A(y) fi —dig > 0 for Vk <my (47)
Pi(ATy U{v}) firy —diyy, < 0 for VI >m; (48)

These conditions (47) and (48) determine the number m* of aggressive non-
territorials at the stationary state for given i, B, f; ., , and d; 5, . So Lemma 3
has been proved.

Appendix C

We compare a stationary subpopulation A?:’} of non-territorials to try to invade

the existing unique territory of rank ¢ with AT{T;J'} which is to try to invade the
territory of rank j. Suppose that j > 4. From (2), (7) and (8),

Py(AG) firme = Bjiyy > Pi(AGY) fie = iy, i (49)

*

Since Y+ € A?x so that the righthand side of (49) is positive, and therefore

Pi(A 17})f.777n 333, > 0- (50)

From Lemma 3 and the arguments in Appendix B, this inequality (50) indi-
cates that the non-territorial of rank 7, should join in the subpopulation AT}

aggressive for the unique territory of rank j. This means that v, € A Slnce
A{J]} s {717727 e 77177,:}

from Lemma 2, we conclude that 7,,: < Ym?, SO that m; <m.

Appendix D

Cz(Ag}) is the cost for the territorial of rank ¢ in order to defend its territory

against the subpopulation A?g at the satisionary state. As defined, m; is the
number of aggressive non-territorials at stationary state. From Lemma 2,

AZ? = {713727“'77m;‘}; (51)
An;J} - {’717 Y2y 77777,3‘} (52)
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From Lemma 4, if ¢ < j, then y,» < Y and m; < mj. We consider hereafter
the case when ¢ < j.
At first, we suppose that the individual of rank ] is a member of subpopulation

J

AZ} In this case, since i < j < Ymr < Yms, Ag} satisfies the following:

NG = AT GO GO Dm0}

Hence, from (3) and (5),

7

Ci(ATS) < Ci(ATH). (53)

Next, we suppose that the individual of rank j is not included in the sub-
population AZ} In this case, since Y, < j and v < Ym s AZ’} satisfies the
following:

m} *

From (3) and (4), also in this case, the inequality (53) holds. Therefore, Corol-
lary has been proved.

Appendix E
We focus the condition which satisfies

K (AG,) < K3 (AG) U i),
From (14) and (25),

kD — kST U {wi})

v n—li 2. (n_1)k<1_ni1)m_k Y PulLeU{wid) fue

k=0L.cag’ heQn\{wi}

1€Q \{w;i}

< i > (i)k (1 - i)mk C., (Ly). (55)

k=0L,CAg”

We have the following inequality:

>y (n_1> (1nil)mkPh<Lku{wi}>>Ph<{wi}>. (56)

k=07, CAm
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Thus, from (56),

ki, = kg (T U {wi})

- nili ) <ni1)k<1_ni1>m_k > PuLr U{wil) fhw:

k=0 LycAg” heQ,\{w:}
1
e B DR
1€Qp \{w; }
1
tr t
< kg, — kST U{wi}) - ] > Pal{wil) frw, + dnw,-
heQ, \{w:}
(57)
Therefore, if
tr out 1
kG, < RS DU{w) + — > Pa{wih)fhw — dnw,  for 3w; € Qu,
heQn\{wi}

(58)
the inequality (55) can be satisfied, so that Kfji‘t"‘(Agl; U {w;}) is greater than
KL (AG).

Moreover,
Rr< ks (59)
kZN(TiU{wi}) > kY(EN); (60)
1
) > R{wiWfiw —dhe, > PIUNDfin—din.  (61)

heQ\ {w;}
Lastly, from (58), (59), (60), and (61), if
K <k (En) + PI{NY) fin — din,

the inequality (58) can be satisfied for Vw; € €2,,. This indicates the satisfaction
of inequality (55), so that K2“* (A% U {w;}) is greater than K7 (AZ").
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