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Strong form of Poisson eq.
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Let trial function for u be v,
Multiplying the strong form by v,
Integrating over the domain,
Using integration by parts,
Substituting boundary conditions.




Weak form of Poisson eq.
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Weak form of Poisson eq.
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By using integration by parts
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Weak form of Poisson eq.
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By rewriting with the divergence
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Weak form of Poisson eq.
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Boundary Conditions
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 |n the case of Dirichlet condition

— Let the trial function v be 0 on the boundary, we have
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— But commands for the Dirichlet condition should be
written in the source code in FreeFEM++.

* |n the case of Neumann condition
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— Substitute ﬁ = g into boundary integration term, we have
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Strong form and Weak form of Poisson eq.

R7VARERKOREBKEERR

I

Strong form
—Au—f =0in ()
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Weak form
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Poisson equation: Laplace.edp
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Weak form of Laplace.edp
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Poisson equation: Laplace.edp

fespace Vh(Th,P2);
Vh uh,vh;

problem laplace(uh,vh,solver=LU) =
int2d(Th)( dx(uh)*dx(vh) + dy(uh)*dy(vh) )
+ on(1,uh=1)

+ on(2,uh=0) ;

laplace;

plot(uh);



Poisson equation

Commands for definitions
of finite element space
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fespace Vh(Th,P2);

Vh uh,vh;

. Laplace.edp



Poisson equation: Laplace.edp

The name of finite element space,
you can use any words.
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fespace Vh(Th,P2);

Vh uh,vh;



Poisson equation: Laplace.edp

Mesh
@ buildmesh( a0(10)+a1(10)+a2(10)+a3(10));

Vh uh,vh;



Poisson equation: Laplace.edp

Mesh
Th=buildmesh( a0(10)+a1(10)+a2(10)+a3(10));

fespace Vh(Th,P1 or P2);

Vh uh,vh;



Poisson equation: Laplace.edp

Mesh
Th=buildmesh( a0(10)+a1(10)+a2(10)+a3(10));

P1 element(P1E %)

fespace Vh(Th,P1);

Variables are calculated
on 3 points @ of one triangle
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Vh uh,vh;



Poisson equation: Laplace.edp

Mesh
Th=buildmesh( a0(10)+a1(10)+a2(10)+a3(10));

P2 element (P2EX)

fespace Vh(Th,P2);

Variables are calculated
on 6 points @ of one triangle O
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Vh uh,vh;




Poisson equation: Laplace.edp

Mesh
Th=buildmesh( a0(10)+a1(10)+a2(10)+a3(10));

fespace Vh(Th,P1 or P2);
P1: low cost and low accuracy

EWLETEIRN, BLEERE)

P1 element

P2: high cost and high accuracy
(BUVLETEIREL, SVLETERE)
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Vh uh,vh;

P2 element
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Poisson equation: Laplace.edp

Mesh
Th=buildmesh( a0(10)+a1(10)+a2(10)+a3(10));

fespaceTh,PZ) :

(Vh)uh,vh;




Poisson equation: Laplace.edp

Mesh
Th=buildmesh( a0(10)+a1(10)+a2(10)+a3(10));

fespace Vh(Th,P2); uh, vh
Vh uh,vh;

uh, vh uh, vh

The name of variables
You can use any words
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uh, vh uh, vh uh, vh



Poisson equation: Laplace.edp

Commands for definition of problems

problemZE &9 51=H DT+

problem laplace(uh,vh,solver=LU) =
int2d(Th)( dx(uh)*dx(vh) + dy(uh)*dy(vh) )

+on(1,uh=1)
+ on(2,uh=0) ;
laplace;



Poisson equation: Laplace.edp

The name of the problem
You can use any words.
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problem laplace(uh,vh,solver=LU) =
int2d(Th)( dx(uh)*dx(vh) + dy(uh)*dy(vh) )

+on(1,uh=1)
+ on(2,uh=0) ;
laplace;



Poisson equation: Laplace.edp

Variables that you need to calculate
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problem laplace(uh,vh,solver=LU) =
int2d(Th)( dx(uh)*dx(vh) + dy(uh)*dy(vh) )

+on(1,uh=1)
+ on(2,uh=0) ;
laplace;



Poisson equation: Laplace.edp

Numerical Scheme : LU decompositions
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problem laplace(uh,vh,solver=LU) =
int2d(Th)( dx(uh)*dx(vh) + dy(uh)*dy(vh) )

+on(1,uh=1)
+ on(2,uh=0) ;
laplace;



Poisson equation: Laplace.edp

Weak form in FreeFEM++ ouov Jo0uov
J Ox Ox + dy dy
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int2d(Th)( dx(uh)*dx(vh) + dy(uh)*dy(vh) )




Poisson equation: Laplace.edp

(Dirichlet conditions)

problem laplace(uh,vh,solver=LU) =
int2d(Th)( dx(uh)*dx(vh) + dy(uh)*dy(vh) )

+on(1,uh=1)
+ on(2,uh=0) ;

— Dirichlet condition

u=1onl;
u=0onl,

border a0O(t=1,0){ x=0; y=t; label=1;}
border a1(t=0,1){ x=t; y=0; label=2;}

border
label=1

label=2 1



Poisson equation: Laplace.edp

Neumann conditions

problem laplace(uh,vh,solver=LU) =
int2d(Th)( dx(uh)*dx(vh) + dy(uh)*dy(vh) )

+on(1,uh=1)
+ on(2,uh=0) ;

j 6u6v+6u6v 10 jau dv =0
q\0x0x 0y oy r\on vy =

: 0 :
—=0onTy Substitute — = 0 into the second term
an on
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Neumann conditionszZ{E L\ =L \I5 &
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+int1d(Th, label number)(- g *vh)

R 5 borderal T g =2¢&95&, ULTDKIIZES

+int1d(Th, 2)(-2*vh)

border al(t=0,1){ x=t; y=0; label=2;}



If you want to use Neumann conditions...

j 6u0v+0u6v 10 f dv =0
o \axax ' ayay Y=

* Please type boundary integration as follows;
+int1d(Th, label number)(- g *vh)
ex)
on the boundary border al, for g =2, you should
type
+int1d(Th, 2)(-2*vh)

border al1(t=0,1){ x=t; y=0; label=2;}



Poisson equation: Laplace.edp

problem laplace(uh,vh,solver=LU) =
int2d(Th)( dx(uh)*dx(vh) + dy(uh)*dy(vh) )
+on(1,uh=1) N

+ on(2,uh=0)® B

— Dirichlet condition

Numerical Calculation

laplace
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Problem4

(The same domain as Problem1)
Y




Problem4
(The same domain as Problem1)

—Au — sin(x) * cos(y) = 0in ()
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Stokes equations(Home work)

* Let trial function for u and p be v and g, where u =

(Ux, Uy), U = (Uy, Vy).
u, plZ®9 BTrial function Zv, g&L, TDIF u = (u,,u,),
V= (Vy, 1)) ET B,

* Describe the following equation in weak form.
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