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Diffusion equation: diffusion.edp
拡散方程式

Ω ∈ R2

Γ

𝜕𝑓

𝜕𝑡
− 𝛥𝑓 = 0 in Ω

Initial condition（初期条件）
𝑓 = 𝑓0 in Ω

where（その際，）

𝑓0 = exp
−10{ 𝑥 − 0.3 2

+ 𝑦 − 0.3 2}

Boundary condition（境界条件）
𝑓 = 0 on Γ



Diffusion equation: diffusion.edp

𝜕𝑓

𝜕𝑡
− 𝛥𝑓 = 0



Discretizing diffusion equations 
in the time direction t at regular interval Δt
時間方向にΔt間隔で拡散方程式の差分をとる
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Δ𝑡 dt

t (n+1)*dt

𝑓𝑛+1 f

𝑓𝑛 fo



Diffusion equation: diffusion.edp

𝜕𝑓

𝜕𝑡
− 𝛥𝑓 = 0

⟹
𝑓𝑛+1 − 𝑓𝑛

Δ𝑡
− 𝛥𝑓𝑛+1 = 0

⟹  
Ω

𝑓𝑛+1 − 𝑓𝑛

Δ𝑡
− 𝛥𝑓𝑛+1 𝑣𝑑Ω = 0

⟹  
Ω

𝑓𝑛+1

Δ𝑡
𝑣 −

𝑓𝑛

Δ𝑡
𝑣 + 𝛻𝑓𝑛+1 ⋅ 𝛻𝑣 𝑑Ω − 

Γ

𝜕𝑓𝑛+1

𝜕𝑛
𝑣𝑑Γ = 0

By taking integration by parts



Diffusion equation: diffusion.edp

𝜕𝑓

𝜕𝑡
− 𝛥𝑓 = 0

⟹
𝑓𝑛+1 − 𝑓𝑛

Δ𝑡
− 𝛥𝑓𝑛+1 = 0

⟹  
Ω

𝑓𝑛+1 − 𝑓𝑛

Δ𝑡
− 𝛥𝑓𝑛+1 𝑣𝑑Ω = 0

⟹  
Ω

𝑓𝑛+1

Δ𝑡
𝑣 −

𝑓𝑛

Δ𝑡
𝑣 + 𝛻𝑓𝑛+1 ⋅ 𝛻𝑣 𝑑Ω − 

Γ

𝜕𝑓𝑛+1

𝜕𝑛
𝑣𝑑Γ = 0

⟹  
Ω

𝑓𝑛+1

Δ𝑡
𝑣 −

𝑓𝑛

Δ𝑡
𝑣 + 𝛻𝑓𝑛+1 ⋅ 𝛻𝑣 𝑑Ω = 0

By Dirichlet condition



Commands “for”

int n;

for ( n=0; n< 100 ; n=n+1)

{

fo=f;  

A;   

plot(f);

};

Substitute f into fo

Calculate problem A

“for” command repeat these 
operations from n=0 to n=99,

By adding 1 to n.

Output f



Convection equation: convection.edp
移流方程式

Ω ∈ R2

Γ

𝜕𝑓

𝜕𝑡
+ 𝒖 ⋅ 𝛻 𝑓 = 0 in Ω

where
𝒖 = 𝑦,−𝑥

Initial condition

𝑓 = 𝑓0 in Ω
where 

𝑓0 = exp
−10{ 𝑥 − 0.3 2

+ 𝑦 − 0.3 2}

Boundary condition
𝑓 = 0 on Γ



Convection equation: convection.edp
𝜕𝑓

𝜕𝑡
+ 𝒖 ⋅ 𝛻 𝑓 = 0

⟹
𝑓𝑛+1 − 𝑓𝑛

Δ𝑡
+ 𝒖 ⋅ 𝛻 𝑓𝑛 = 0

⟹  
Ω

𝑓𝑛+1 − 𝑓𝑛

Δ𝑡
+ 𝒖 ⋅ 𝛻 𝑓𝑛 𝑣𝑑Ω = 0

⟹  
Ω

𝑓𝑛+1

Δ𝑡
𝑣 −

𝑓𝑛

Δ𝑡
𝑣 + 𝒖 ⋅ 𝛻 𝑓𝑛 𝑣 𝑑Ω = 0

⟹  
Ω

𝑓𝑛+1

Δ𝑡
𝑣 −

𝑣

Δ𝑡
𝑓𝑛 − Δ𝑡 𝒖 ⋅ 𝛻 𝑓𝑛 𝑑Ω = 0



characteristics finite element scheme
特性曲線法

𝑓𝑛 − Δ𝑡 𝒖 ⋅ 𝛻 𝑓𝑛

= 𝑐𝑜𝑛𝑣𝑒𝑐𝑡 𝒖,−Δ𝑡, 𝑓𝑛



Convection equation : convection.edp
𝜕𝑓

𝜕𝑡
+ 𝒖 ⋅ 𝛻 𝑓 = 0

⟹
𝑓𝑛+1 − 𝑓𝑛

Δ𝑡
+ 𝒖 ⋅ 𝛻 𝑓𝑛 = 0

⟹  
Ω

𝑓𝑛+1 − 𝑓𝑛

Δ𝑡
+ 𝒖 ⋅ 𝛻 𝑓𝑛 𝑤vΩ = 0

⟹  
Ω

𝑓𝑛+1

Δ𝑡
𝑣 −

𝑓𝑛

Δ𝑡
𝑣 + 𝒖 ⋅ 𝛻 𝑓𝑛 𝑣 𝑑Ω = 0

⟹  
Ω

𝑓𝑛+1

Δ𝑡
𝑣 −

𝑣

Δ𝑡
𝑓𝑛 − Δ𝑡 𝒖 ⋅ 𝛻 𝑓𝑛 𝑑Ω = 0

⟹  
Ω

𝑓𝑛+1

Δ𝑡
𝑣 −

𝑣

Δ𝑡
𝑐𝑜𝑛𝑣𝑒𝑐𝑡 𝒖, −Δ𝑡, 𝑓𝑛 𝑑Ω = 0

⟹ 𝑓𝑛+1 = 𝑐𝑜𝑛𝑣𝑒𝑐𝑡 𝒖,−Δ𝑡, 𝑓𝑛



Convection Diffusion equation: 
convection_diffusion.edp

Ω ∈ R2

Γ

𝜕𝑓

𝜕𝑡
+ 𝒖 ⋅ 𝛻 𝑓 − Δ𝑓 = 0 in Ω

where
𝒖 = 𝑦,−𝑥

Initial condition

𝑓 = 𝑓0 in Ω
where 

𝑓0 = exp
−10{ 𝑥 − 0.3 2

+ 𝑦 − 0.3 2}

Boundary condition
𝑓 = 0 on Γ



Convection diffusion equation:
convection_diffusion.edp

𝜕𝑓

𝜕𝑡
+ 𝒖 ⋅ 𝛻 𝑓 − 𝛥𝑓 = 0

⟹
𝑓𝑛+1 − 𝑓𝑛

Δ𝑡
+ 𝒖 ⋅ 𝛻 𝑓𝑛 − 𝛥𝑓𝑛+1 = 0

⟹  
Ω

𝑓𝑛+1 − 𝑓𝑛

Δ𝑡
+ 𝒖 ⋅ 𝛻 𝑓𝑛 − 𝛥𝑓𝑛+1 𝑣𝑑Ω = 0

⟹  
Ω

𝑓𝑛+1

Δ𝑡
𝑣 −

𝑓𝑛

Δ𝑡
𝑣 + 𝒖𝒏 ⋅ 𝛻 𝑓𝑛 𝑣 + 𝛻𝑓𝑛+1 ⋅ 𝛻𝑣 𝑑Ω −  

Γ

𝜕𝑓𝑛+1

𝜕𝑛
𝑣 𝑑Γ = 0

By taking integration by parts



Convection diffusion equation:
convection_diffusion.edp

𝜕𝑓

𝜕𝑡
+ 𝒖 ⋅ 𝛻 𝑓 − 𝛥𝑓 = 0

⟹
𝑓𝑛+1 − 𝑓𝑛

Δ𝑡
+ 𝒖 ⋅ 𝛻 𝑓𝑛 − 𝛥𝑓𝑛+1 = 0

⟹  
Ω

𝑓𝑛+1 − 𝑓𝑛

Δ𝑡
+ 𝒖 ⋅ 𝛻 𝑓𝑛 − 𝛥𝑓𝑛+1 𝑣𝑑Ω = 0

⟹  
Ω

𝑓𝑛+1

Δ𝑡
𝑣 −

𝑓𝑛

Δ𝑡
𝑣 + 𝒖𝒏 ⋅ 𝛻 𝑓𝑛 𝑣 + 𝛻𝑓𝑛+1 ⋅ 𝛻𝑣 𝑑Ω −  

Γ

𝜕𝑓𝑛+1

𝜕𝑛
𝑣 𝑑Γ = 0

⟹  
Ω

𝑓𝑛+1

Δ𝑡
𝑣 −

𝑣

Δ𝑡
𝑐𝑜𝑛𝑣𝑒𝑐𝑡 𝒖,−Δ𝑡, 𝑓𝑛 + 𝛻𝑓𝑛+1 ⋅ 𝛻𝑣 𝑑Ω −  

Γ

𝜕𝑓𝑛+1

𝜕𝑛
𝑣𝑑Γ = 0

By using “convect” command



Convection diffusion equation:
convection_diffusion.edp

𝜕𝑓

𝜕𝑡
+ 𝒖 ⋅ 𝛻 𝑓 − 𝛥𝑓 = 0

⟹
𝑓𝑛+1 − 𝑓𝑛

Δ𝑡
+ 𝒖 ⋅ 𝛻 𝑓𝑛 − 𝛥𝑓𝑛+1 = 0

⟹  
Ω

𝑓𝑛+1 − 𝑓𝑛

Δ𝑡
+ 𝒖 ⋅ 𝛻 𝑓𝑛 − 𝛥𝑓𝑛+1 𝑣𝑑Ω = 0

⟹  
Ω

𝑓𝑛+1

Δ𝑡
𝑣 −

𝑓𝑛

Δ𝑡
𝑣 + 𝒖𝒏 ⋅ 𝛻 𝑓𝑛 𝑣 + 𝛻𝑓𝑛+1 ⋅ 𝛻𝑣 𝑑Ω −  

Γ

𝜕𝑓𝑛+1

𝜕𝑛
𝑣 𝑑Γ = 0

⟹  
Ω

𝑓𝑛+1

Δ𝑡
𝑣 −

𝑣

Δ𝑡
𝑐𝑜𝑛𝑣𝑒𝑐𝑡 𝒖,−Δ𝑡, 𝑓𝑛 + 𝛻𝑓𝑛+1 ⋅ 𝛻𝑣 𝑑Ω −  

Γ

𝜕𝑓𝑛+1

𝜕𝑛
𝑣𝑑Γ = 0

⟹  
Ω

𝑓𝑛+1

Δ𝑡
𝑣 −

𝑣

Δ𝑡
𝑐𝑜𝑛𝑣𝑒𝑐𝑡 𝒖,−Δ𝑡, 𝑓𝑛 + 𝛻𝑓𝑛+1 ⋅ 𝛻𝑣 𝑑Ω = 0

By boundary condition



𝜕𝑢

𝜕𝑡
− 𝛥𝑢 = 0 in Ω

Initial condition:
𝑢 = exp −10{ 𝑥 − 1 2+ 𝑦 − 1.5 2}

Boundary conditions:
𝑢 = 0 on Γtop
𝑢 = 0 on Γbottom
𝜕𝑢

𝜕𝑛
= 0 onΓin

𝜕𝑢

𝜕𝑛
= 0 on Γout

𝑢 = 0 on Γcircle

Problem6
(The same domain as Problem1)



𝜕𝑢

𝜕𝑡
+ 𝒇 ⋅ 𝛻 𝑢 − 𝛥𝑢 = 0 in Ω

where 𝒇 = (−𝑦 𝑦 − 5 , 0)

Initial condition:
𝑢 = exp −10{ 𝑥 − 1 2+ 𝑦 − 1.5 2}

Boundary conditions:
𝑢 = 0 on Γtop
𝑢 = 0 on Γbottom
𝜕𝑢

𝜕𝑛
= 0 onΓin

𝜕𝑢

𝜕𝑛
= 0 on Γout

𝑢 = 0 on Γcircle

Problem7
(The same domain as Problem1)



Special Problem

𝜕𝑓

𝜕𝑡
− 𝜙Δ𝑓 = 0 in Ω

where 𝒖 = 𝑦,−𝑥
Initial condition 𝑓 = 𝑓0 in Ω,

where 𝑓0 = exp −10{ 𝑥 − 0.3
2 + 𝑦 − 0.3 2} ,

Boundary condition 𝑓 = 0 on Γ,

The parameter 𝜙 is defined  as

𝜙 = 𝛼1 1 − 𝜃 + 𝛼2𝜃, 𝜃 =
1

2
tanh 𝛽𝑿 + 1

where 𝛼1 = 0.0001, 𝛼2 = 0.01, 𝛽 = 50,
𝑿 = 𝑥 − 0.4 2 + 𝑦 + 0.3 2 − 0.32


