Lecture of FreeFEM++

Update:2019/3/24




Minimization Problem

e Define the functional
—L(u) =..

 Take the Frechet derivative w.r.t u
—L(u—u")=L(u) —Lw)[u']..

e Set the variation L(w)[u'] =0
—L(u—u") = L(u)
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Minimization problem 1
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Reminder:Strong form and Weak form of Poisson eq.
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Strong form
—Au—f =0in ()
u=0onrl

Weak form
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Minimization problem 1
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Set the equation be 0 because of the weak form




Minimization problem 1
1 auau du ou
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Neglect because of |u'| < |u|




Minimization problem 1
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= L(u —u") = L(u) = L(w) :minimization of the functional
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Schematic picture
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Schematic picture
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Schematic picture
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Summarize:
numerical calculation of Poisson equation

Solving the BVP

—Au—f =0in{} L
u=0onrl
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Min. Problem of the functional L(u)

L()_lj auau+auau 10 f 10
T3 q\dxdx Jdyady qu

\ 4

Weak form (variation)
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Optimization Problem

e Basic description:
— Find w: the minimum value of u

,where u denotes the design parameter.
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e Basic description:
— Find w: the minimum value of u
,where u denotes the design parameter.
— Minimize F (u): the cost function



Reminder:
numerical calculation of Poisson equation

Solving the BVP

—Au—f =0in{} L
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Min. Problem of the functional L(u)
1 dudu oJudu
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Weak form (variation)
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Optimization Problem

e Basic description:
— Find w: the minimum value of u
,where u denotes the design parameter.
— Minimize F (u): the cost function

e The functional is written as
— L(u) = F(u)



Constrained Optimization Problem

e Basic description:
— Find w: the minimum value of u
,where u denotes the design parameter.
— Minimize F (u): the cost function
— Subject to G (u, v): the constraint function

e The functional is written as
— L(u,v) =F(u) — G(u,v)



Constrained Optimization Problem

e Basic description:

— Find F(u) = %fﬂuz dQ

— Subject to G (u, v) = fﬂ (——+—— dQ — |

 The functional is written as
—Llu,v) =F) —G(u,v)
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Constrained Optimization Problem
Llu—u',v—17")

= L(u,v)
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=L(u,v) + L(u,v)[v']+ L(u,v)u']

A

L(u,v)[v'] =0 = Au+ f = 0: the main problem
L(u,v)[u'] =0 = Av + u = 0: the adjoint problem



Topology Optimization

* Derive strong forms for the main and the adjoint problem for the
following constrained minimization problem,

— The cost function:
FO.w = [ @7(6) (
Q
— The constraint function:

60,00 = [ w670 (5ome + 5o ) @0 - [ fuan
y U, V) = Ql/) ('b axax ayay Q ’
for real valued parameters a4, a,,y

¢(6) = 0.5{tanh(8) + 1},

Y(@Y) = a1(1 = @Y) + ap¢?
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Variation w.r.t. u, v

L(O,u,v) =F(6,u) —G(O,u,v)
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The main problem:
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Variation w.r.t. @

e Take the Gateaux derivative w.r.t 8

0
B0 -0 = (6) ~ 500"
3¢

= @¢r(@—0)=¢YO) -y’ PR

* Variation w.rt. Y
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The sensitivity Analysis

The sensitivity

L(6,u,v)[0']
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The sensitivity Analysis

* The main problem : L(¢,u,v)|[v'| =0 = YpAu = f
— The main variable u is obtained.

* The adjoint problem : L(¢,u,v)[u'] = 0 = Av = 2Au
— The adjoint variable v is obtained.

* The sensitivity is obtained substituting the main and the
adjoint variables;
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Topology Optimization

* Firstly, we should normalize the sensitivity

0
JQ Vo -VydQ = jﬂ { (ay — a))yp? 1! a?}sydﬂ

* Volume preserving is
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* We calculate the equation for the step size 6,
9n+1 =" — 6@11



Laplace topo.edp
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Problem 19
use “Laplace_topo.edp”

Derive strong forms for the main and the adjoint problem for the
following constrained minimization problem,

— The cost function:

1

Fw) = | —Vul:7utdQ

qRe

— The constraint function(Stokes eq. with external force Yu):
G(O0,u,v)

1

= —VuT:VdeQ—Jt/Ju-vdﬂ
JoRe )

+ [ (v wq+ @ - v)pda
Q

for real valued parameters S,
¢ = 0.5{tanh(B0) + 1} and Y = Y, a(1-¢)

a+a¢

—




Problem 20

Derive strong forms for the main and the adjoint problem for the
following constrained minimization problem,

— The cost function:

1
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— The constraint function(Stokes eq. with external force Yu):
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Cont. Problem 20
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